A BOUND ON THE RANK OF ELLIPTIC CURVES

CHRISTINE MCMEEKIN

ABSTRACT. This paper is intended as an expository piece investigating an upper bound on
the rank of elliptic curves defined over Q. Let E/Q be an elliptic curve by a Weierstrass
equation of the form y? = f(x) where f(z) is a cubic monic polynomial with integral
coefficients and with 2® term equal to 0. Let ey, es,e3 be the roots of f(x) which we
assume to be distinct. Let K be the splitting field of f(z) over Q. We prove that
Rp@) < 2(orda(h(K)) + r1 + r2 + v(A) — 1) where h(K) is the class number of K
r1 is the number of real embeddings of K into C, 72 is the number of pairs of non-real
embeddings of K into C, and v(A) is the number of prime ideals in the ring of integers
of K dividing the ideal generated by the discriminant of f(x). This bound is proven first
in a couple of special cases for the sake of intuition and then more generally. We also
investigate the usefulness of this bound through numerical examples and discuss cases in
which this bound can be made sharper.
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The study of elliptic curves has long been an interesting topic to mathematicians since

1

Diophantus, a Greek mathematician who was interested among other things in rational
solutions to polynomials with integral coefficients, mainly quadratics and cubics. He ob-
served that given one solution to a quadratic, it was possible to obtain infinitely many, in
the following manner. Consider for example a circle described by the equation 22 + 32 = 1.
We know at least one rational solution to this equation right off the bat; observe that
(z,y) = (—1,0) is one such solution. Next, we construct a straight line passing through
this point of rational slope. Begin with a general linear equation y = mx +b where m and b
are rational. Plugging in (z,y) = (—1,0), we obtain 0 = —m + b, or in other words, m = b.
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So the general equation of a line of rational slope m passing through the point (—1,0) is
y = mx +m where m is any rational number we’d like. Next, we should take note that the
line we just created will intersect the circle in exactly two points and we already know one
of these points. The point (z,y) is in the intersection of this line with this circle exactly
when (mx+m)?+2% = 1. (This was obtained by plugging the equation of our line into the
equation of our circle). By expanding this, we see that (z,y) is in the intersection when
(m? +1)2? +2m2x +m? — 1 = 0. Thus, to find the other point at which the line intersects
the circle, we must find the second root of (m? + 1)z 4+ 2m2x +m? — 1 = 0. Since we know
one root is —1, we can divide out a factor of x + 1 to obtain (m? + 1)z + (m? — 1) = 0, so

1—m?2 1—m? 2m
1+m?2"” 1+m2° 1+m?2

the other point of intersection of the line with the curve. Notice that since m is rational,
these expressions are rational numbers. The other point of intersection of the line with the
circle is, in particular, a point on the circle and thus satisfies the equation z? + y? = 1.

the other root occurs when x = Solving for y, we get that (x,y) = ( ) is

1—m?
1+m?2>’

solution to the equation 2 4+ y? = 1, yielding infinitely many solutions to this quadratic.

Furthermore, this yields all rational solutions to the equation 2+ y? = 1 because given
any rational point on the circle, we can find a line of the form y = ma + m which passes
through this point and (—1,0) for some rational m.

In the context of the study of elliptic curves, the importance of this observation lies
in its generalization to cubics, as an elliptic curve is a “smooth” cubic equation in two
variables. While this method does not work in exactly the same way for cubics, there
is a very important generalization. Notice that in the quadratic case, once we knew one
solution and we picked a line passing through it of rational slope, there was exactly one
other point in the intersection of that line with the quadratic. However, a line intersects
a cubic in three points, not just two. For one thing, this means that in general, we are no
longer ensured any other rational points on a cubic simply from having one and drawing
a line through it of arbitrary rational slope; this is because if we draw an arbitrary line of
rational slope through a given rational point on the curve, then the set of points in the
intersection of the line with the curve are roots of a polynomial of the same degree as the
curve we began with and when one solution to a quadratic is rational, it is necessarily true
that the other root is rational !, but when one solution to a cubic is rational, this tells us
nothing about whether the other two roots are rational. For example, we could consider
the elliptic curve defined by y? = x3 — 32. We can see that this has a rational solution at
(0,0). Next take a line of arbitrary rational slope passing through (0,0). For example, we
could take the line y = 0. The set of points in the intersection of this line with the curve
are the roots of 23 — 3z = 0, which has roots 0, and ++/3. So there are no other rational
points in the intersection of this line with the curve. In fact, (0,0) is the only rational
point on this particular curve. So for this curve, if we take any line of rational slope going
through (0,0), we will never get a pair of rational points as the other points of intersection
of the curve with the line.

Thus for any choice of m, a rational number, we obtain ( ﬁ%) which is a rational

IThe reader should check that this is true.
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In order to generalize this method to cubics, we will need two (not necesarily distinct)?
rational solutions to begin with, and then if we draw the line connecting them, we will be
guaranteed a third rational solution. This seems much more restrictive. Before we only had
to choose one rational point on the curve and could choose infinitely many lines of rational
slope going through this point to obtain infinitely many new rational solutions. Now, we
must choose two points (or choose one point “twice”) and from them, we only get one
line instead of infinitely many, and thus we only get one new rational solution instead of
infinitely many. Furthermore, it is no longer obvious that we can obtain all rational points
on the curve in this way as it was in the quadratic case, and if it is true that we can obtain
all of them, can we start with just one as in the quadratic case or do we need more? How
many more? Can we start with finitely many rational points and produce all rational points
on the curve in this way? The answer to this non-trivial question was proved somewhat by
accident by Louis Mordell in 1923 and is presented here in the Mordell-Weil Theorem which
will be discussed in Section 2. Although the method of obtaining new rational points on
the curve from old ones appears very restrictive, this seemingly unyielding tool will provide
us with an unexpectedly rich and beautiful structure on elliptic curves, a structure that
has yet to be fully understood by modern mathematicians, and a structure in which this
paper will partially investigate.

2. THE GROUP LAW AND THE MORDELL-WEIL THEOREM

In this section, we introduce the group law on elliptic curves. For our purposes, we will
define an elliptic curve® to be a smooth cubic equation in two variables z, and y of the
form y? = 23 + Az + B for A, B € Z. This curve is said to be smooth when 2% + Az + B
has no repeated roots, or equivalently, when 443 + 2783 # 0. We are interested in finding
rational solutions to such equations.

In Section 1, we saw a way to obtain all rational solutions to a quadratic equation from
knowing only one rational solution. Ideally, we would like a way to obtain all rational
points on an elliptic curve. We saw that this was not quite as simple as the quadratic case.
However, we did see one way to produce new rational points on an elliptic curve from old
ones; given two rational points on an elliptic curve, we can draw a straight line connecting
them and then the third point of intersection of the line with the curve is a new rational
point on the curve. We could also begin with one point on the curve and draw the tangent
line through that point.

First we point out why it is true that if we take two rational points on the curve and
draw a line connecting them that the third point of intersection is rational. Also, if we
take one point and do the same using its tangent line, then the third point of intersection
is rational.

2These two points don’t have to be distinct. If they are the same point, the line connecting them is the
tangent line to the curve at that point.

3This is not the most general form of an elliptic curve, but it can be shown that any elliptic curve can
be written in this way via a change of variables. This form is known as Weierstrass form. In general, an
elliptic curve is simply a smooth cubic polynomial in two variables set equal to zero.
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First note that any straight line will intersect a cubic in exactly three points. Some of
these points may be complex, and in the case that the line is tangent to the curve at a
point, the point at which it is tangent will be repeated. Indeed if we plug y = mx + b into
y? =23+ Az + B, we get 23 + m22? + (A — 2mb)x + B + b? = 0, so the points which lie
on both the line and the curve are the points (z, mx + b) whose z-coordinates are roots of
this cubic. Vertical lines are an exception. If we plug in z = ¢, we get y? = ¢3 + Ac + B,
which only has two roots. This is dealt with formally using projective geometry. Although
to simplify matters, we define the point at infinity, O, to be the third point of intersection
of a vertical line with an elliptic curve. With this convention, all lines intersect an elliptic
curve in exactly three points?.

Now suppose (x1,y1), (z2,2) are rational points on a given elliptic curve, y?> = 23 +
Az + B. That is z1, 72, y1,y2 € Q and satisty y? = 23 + Az; + B and 33 = 23 + Axy + B.

Then the line connecting them is given by (y—y1) = (w) (z — 1) using the point-slope

To—T1

formula. Equivalently, ¥ = mx — mz1 + y; where m = (%) If we plug this into the

equation of our elliptic curve, then after some algebraic manipulation, we obtain
2 —mPz? + (A—=2my; + 2m2:c1)x +B—(y1 — mx1)2 = 0.

Thus, the points of intersection of the line with the curve have x-coordinate satisfying
this cubic equation. We already know two of the roots are x; and x9, so if we factor
out (x — x1)(x — z2) we will be left with a linear equation in z, the root of which is the
x-coordinate of the third point of intersection of the line with the curve. Although, if we
are only trying to show that the third point of intersection is rational, this is unnecessary.
If we denote the third point of intersection (x3,ys3), we get

23— m2x? + (A = 2myy + 2m2x))z + B — (y1 — ma1)? = (x — 21)(x — 22) (2 — 23)
=23 — (21 4 20 + 23)2% + (2122 + 2123 + Tox3)T — T ToT3

and we see by comparing the coefficients of 22 on each side of the equation that z; +
x9 + 23 = m2. Solving for z3, we get x5 = m? — x1 — 9. So if x1, 22, y1,yo are rational,
then m is rational, and so x3 is rational. Then since y = mx —mz1 4+ y1, y3 is also rational.
A similar procedure can be done for the case when (z1,y1) = (z2,y2) and we consider the
tangent line to the curve at this point.

Notice that whenever we have a point (x,%) on an elliptic curve of the form y? =
23 4+ Ax + B, then (z, —y) is also a point on the curve because the only y in the equation
of our curve is squared. Also, if (x,y) is rational, so is (z, —y). If P = (z,y), we will use
the notation —P to mean (x, —y). We define —O to simply be O.

Definition 2.1. Let £ be an elliptic curve defined by y? = 2% + Az + B. Let P = (x1,1)
and @ = (w2,%2) be rational points on the curve. (That is, z1,y1, 22,92 € Q and y? =
23+ Azy + B and y2 = 23+ Awy + B). Let R = (x3,%3) be the third point of intersection of

4These three points are possibly complex and possibly repeated
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-R=P+Q

FiGure 1. Addition of points on an elliptic curve

the curve with line through P and Q. (If P = @, this is the third point of intersection of the
curve with the tangent line to the curve at this point). Then we define the sum of P and
Q@ to be P+ @Q = —R as illustrated in figure 1. For m € N, we define mP = P+ P+ ...+ P
(m times) and —mP = —P — P — ... — P (m times).

Theorem 2.2. The set of rational points on an elliptic curve together with the addition
defined above form an abelian group where the identity is the point at infinity, O.

We will not prove this theorem here, but instead we refer the reader to [Sil09]. Most of
the proof is relatively straight forward with the exception of associativity which is slightly
more involved. In this group, notice that the inverse of a point P is —P since the line
connecting (z,y) and (z,—y) is vertical, so the third point of intersection is O. Thus
P-P=-0=0.

Example 2.3. Let E be the elliptic curve defined by 4> = 22 + 1. We can see that
P =(0,1) and @ = (—1,0) are points on this curve. To get another point, we could add
P+@. First notice that the line connecting P and @) is described by the equation y = x+1.

So first we must find the third point of intersection of the curve with this line. We do so
by plugging the equation for the line into the equation for the curve.

B rl=(+1)?=2"+22+1
— -2 -22=0
We already know two roots of this, namely, the x-coordinates of the two points we

started with, —1 and 0. So we can factor out the roots we know and we could obtain via
long division
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23— 22 -2 =x(x+1)(z—2).
So the third point of intersection of the line with the curve occurs when x = 2. Plugging
into our linear equation for y, we get y = 3, so R = (2,3) is a point on the curve. If we

check our work, 3% = 23 4 1, which confirms that this point is on the curve. Then the sum
of Pand @ is —R = (2,-3). Thus P+ Q = (2, -3).

Naturally, Theorem 2.2 raises some questions about the structure of elliptic curves, that
is, about the structure of the group associated to an elliptic curve. Is this group finite
or infinite? If it is infinite, is it at least finitely generated? If so, how do we find the
generators? Is there an easy way to figure out what the group associated to a given curve
is simply from knowing the coefficients A and B?

Modern mathematicians know the answers to some of these questions, but not everything
is known. For example, we do not yet know how to completely determine the group
associated to a given elliptic curve.

One very important theorem about the structure of this group was proven by Louis
Mordell (and later generalized by André Weil). We will present this theorem here without
proof.

Theorem 2.4 (Mordell-Weil). The group associated to an elliptic curve is a finitely gen-
erated abelian group. In other words, there exist finitely many rational points on the curve
Py, Py, ..., P, such that any rational point on the curve, @Q, is a linear combination of these
points, so Q = m1 Py + moPs + ... + m, P, for some my, mo,...,m, € Z.

We will call the group associated to an elliptic curve the Mordell-Weil group and denote
it £(Q).
Corollary 2.5. By the fundamental theorem of finitely generated abelian groups, E(Q) =
T & ZEe@ where T is a finite abelian group and Rp(q) € Z such that Rp(q) > 0.
Definition 2.6. Rp(q) is the rank of an elliptic curve.

Definition 2.7. The set of points of finite order, T'= {P € E(Q) : mP = O for some m €
Z} is called the torsion part or the torsion subgroup. A point P € E(Q) of finite order is
called a torsion point.

Definition 2.8. F(Q)/T is called the free part of the Mordell-Weil group.

Example 2.9. Can we find the Mordell-Weil group of the curve considered in Example
2.3, y?> = 23 + 17 In example 2.3, we saw that (0,1),(—1,0),(2,3) € E(Q). Taking the
inverses of these points we also get (0, —1), (2, —3) € E(Q). Can we find any more points?

Let P = (2,3). To compute 2P, we will take the derivative at P in order to find an
equation of the tangent line.

y? =41
— 2ydy = 32>
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dy 322
dr 2y

Evaluating at P = (2, 3), we get 32XX232 = % = 2 50 the slope of the tangent line through

P is 2. Setting y = 2z + b and plugging in P = (2,3), we obtain b = —1, so the tangent
line to the curve at P is defined by y = 2z — 1.
Plugging this into our equation for the curve, we get

(2 —1)2=23+1
— 23— 42’ 442 =0
— z(z—-2)?=0

So the third point of intersection has z-coordinate 0 and y = 2x — 1, so the third point
of intersection is (0,—1), so 2P = (0, 1), which was a point we already knew.
If we continue in this fashion (which is left as an exercise), we will see that for P = (2, 3),

2P = (0,1)
3P = (—1,0)
4P = (0,-1)
5P = (2,-3)

6P =0

so all of the points we have seen so far are part of the torsion subgroup since they are of
finite order. This tells us that for this curve, Z/6Z is a subgroup of the Mordell-Weil group.
However, we do not yet have the tools to figure out much more about the Mordell-Weil
group for this curve.

There are many unanswered questions about this example. How do we know whether
there are more generators? Is 1" = 7Z/6Z or are there more torsion points? Are there any
points of infinite order, and if there were, how would we recognize them?

Next, we address those questions having to do with the torsion points. These are the
easier questions to answer. Many questions about the rank or the free part of the Mordell-
Weil group are still not known.

In this section we focus on T' = {P € E(Q) : mP = O for some m € Z}, the torsion
part of the Mordell-Weil group. To better understand the torsion part, we introduce the
Nagell-Lutz theorem and Mazur’s theorem, which we will state here without proof. A more
detailed discussion can be found in [Sil09] or [LR].

Theorem 2.10 (Nagell-Lutz). Let E be an elliptic curve defined by y*> = 23 + Az + B for
A,BeZ. If P = (z,y0) € E(Q) is a torsion point, then P satisfies the following.

(1) The coordinates of P are integers. (i.e xg,yo € Z)
(2) If P is of order 2, then yo =0 and a3 + Axg+ B =0
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(3) If P is a point of ordern > 3, then y2|A where A is the discriminant® of 2+ Ax+ B
for A,B e Z.

Corollary 2.11. If for some P € E(Q), there exists m € Z such that mP does not have
integer coefficients, then P has infinite order in E(Q).

Corollary 2.12. Given P = (x0,y0) € E(Q), if yo # 0 and y3 t A, then P has infinite
order.

The Nagell-Lutz theorem is very useful to show that a given point has infinite order
and also to completely determine the torsion subgroup. Let’s revisit our previous example
applying the Nagell-Lutz theorem to determine the torsion subgroup.

Example 2.13. Recall that we were working over the elliptic curve defined by 32 =
23 + 1 and we found that P = (2,3), 2P = (0,1), 3P = (-1,0), 4P = (0,—1), 5P =
(2,—3), and 6P = O were all points on the curve which showed that the torsion subgroup,
T has a subgroup isomorphic to Z/6Z, but we could not tell if there were any more torsion
points on the curve.

The discriminant of 23 + Az + B is A = —4A43% — 2782, so the discriminant of z3 + 1 is
—27. Thus by the Nagel-Lutz theorem, if (z,y) is a torsion point, then y = 0 or y?| — 27.
So for a torsion point (z,y), the possible values of y are 0,+1, 3.

We saw that if y = 0, then 23 = —1 has only one real solution, which gave us the point
(—1,0). When y = £1, we have x = 0 which gives us (0,1). When y = £3, 9 = 23 + 1,
which has one real solution z = 2.

These are all the points we already had and there are no more values of y such that
y%| — 27. Thus, we have tested all possible y coordinates of rational points on the curve
of finite order, so this tells us by the Nagell-Lutz theorem that P = (2,3), 2P = (0,1),
3P =(-1,0),4P = (0,-1), 5P = (2,—3), and 6P = O are the only points of finite order
on this curve. Therefore the torsion subgroup of the Mordell-Weil group of this curve is
isomorphic to Z/6Z.

Although we have successfully nailed down the torsion subgroup of this curve, we still
don’t know the complete Mordell-Weil group because we do not yet have the tools to
understand the points of infinite order.

Example 2.14. As another application of the Nagell-Lutz theorem, consider the elliptic
curve E defined by y? = 23 — 2. We can see that P = (3,5) is a point on the curve. If we
compute 2P, we will see that 2P = (%, %), which does not have integer coefficients so
P is of infinite order.

Alternatively, we could have computed A = —108 so since 5 # 0 and 52 { —108, this also
shows P has infinite order.

In particular, the fact that we have shown that there exists a point of infinite order
in £(Q) tells us that the rank of F, Rpq) # 0, so Rgq) > 1, so in particular, £(Q) is

infinite.

5The discriminant of f(z) = (x — e1)(z — e2)(z — e3) is A = ((e1 — e2)(e1 — e3)(e2 — €3))?. In the case
that f is of the form x> + Az + B for integers A, B, it can be shown that A = —4A43 — 27B2. In particular
this makes it clear that A € Z when f is of the form 2® + Az + B
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Curve Torsion Generators
y? =23 -2 trivial (@)
yP=a234+38 7.)27. (—2,0)
y? =23 +4 YARY/ (0,2)
y? =23 + 4 YA/ (2,4)
y? —y = a3 — a2 Z/5Z (0,1)
=23 +1 Z/6Z (2,3)
y? = 2% — 43z + 166 777 (3,8)
Y2 4 Toy = 23 + 162 7./8Z (—2,10)
viry +y=2° — 22 — 14z + 29 Z]9Z (3,1)
y? 4+ zy = 2% — 452 + 81 7./10Z (0,9)
y? + 43zy — 210y = 2® — 21022 7./127 (0,210)
y? =123 —4dx Z)27 x 727 (2,0),(0,0)
y? =23 + 222 - 32 ZL]27 x L] AZ (3,6),(0,0)
y? + bry — 6y = 23 — 322 7.)27. x Z.J6Z | (—3,18),(2,—2)
y? + 1Toy — 120y = 2® — 6022 | Z/27Z x Z./87 | (30, —90), (—40, 400)

TABLE 1. Table taken from [LR]

There is another very useful theorem about the torsion subgroup proven by Mazur which
says that there are only 15 particular groups which will ever arise as the torsion subgroup
of the Mordell-Weil group of an elliptic curve.

Theorem 2.15 (Mazur). The torsion subgroup of the Mordell-Weil group of an elliptic
curve s isomorphic to one of the following:

(1) Z/NZ for 1 < N <10 or N =12,
(2) Z/2Z x ZJ2NZ for 1 < N < 4.

Corollary 2.16. For P € E(Q), if mP # O for 1 < m < 12, then P has infinite order.
This is because all points of finite order must be of order no more than 12.

Furthermore, all of these groups do actually arise as the torsion part of the Mordell-Weil
group of some elliptic curve. Table 1, taken from [LR], gives examples of elliptic curves
which have each of the possible torsion subgroups.

The rest of the Mordell-Weil group is considerably less understood than the torsion part.
In fact, given an arbitrary elliptic curve, there is no known algorithm to even tell us the
rank of the curve. There are algorithms which work for some curves. (For a more extensive
discussion of this see [LR]). There are also various ways to bound the rank of an arbitrary
elliptic curve.

Furthermore, it has been conjectured that there exist elliptic curves of arbitrarily high
rank and yet the curve of the highest rank anyone has ever found, discovered by Noam
Elkies in 2006, could have rank as low as 28. It has been shown that the rank of this curve
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is at least 28 and no elliptic curve has ever been found whose rank can be proven to be
greater than this. A table of elliptic curve rank records can be found at [Duj].

To find a lower bound on the rank, consider a curve E. If we have n points on E which
we can show to be linearly independent, then Rp(xy > n. Linear independence of points
on elliptic curves can be shown using the Néron-Tate pairing, which will not be discussed
here. Instead, we refer the reader to [LR] for a discussion of the Néron-Tate pairing and
showing linear independence of points.

This paper focuses on proving an upper bound on the rank of elliptic curves. It is shown
first in specific cases and finally in Section 5, it is shown for an arbitrary elliptic curve.

3. A RESTRICTED CASE

Our goal is ultimately to prove an upper bound on the rank of elliptic curves defined
over Q. However, for the sake of simplicity and intuition, we begin with a restriction on the
set of curves we consider. Let F be an elliptic curve defined by the Weierstrass equation
y? = f(x) where f(x) = 2%+ Az + B for A, B € Z. Let K denote the splitting field of f(x)
over Q and let h(K) denote the class number of K. We denote the ring of integers of K
by Ok. The case we would like to consider in this section is the case in which h(K) = 1.
This condition gives us unique prime factorization in O, or equivalently”, it gives us that
Of 1is a principal ideal domain. This will provide us with the necessary tools for a sleek
intuitive proof of this bound.

The reader should note that what is presented in this section is only a slight modification
of what is shown in Section 2.8 of [LR], where the same bound is proven in the case where
K = Q. However, generalizing to the case where K # Q necessarily, but still assuming
h(K) = 1 does not change very much. The key property of K being used in [LR] is that
Ok has unique prime factorization, which is true for any number field K of class number
one.

The method for proving this bound begins by considering a certain homomorphism, §
defined out of F(K), the set of points in K? which satisfy the equation defining the curve.
This homomorphism will induce an injection from E(K)/ker(d) into image(d) so if we can
show that the size of image(d) is finite, then we can use this injection to bound the size of
E(K)/ker(d) by the size of image(d), which we will then use to bound the size of the rank
of BE(K).

Theorem 3.1. Let E be an elliptic curve defined by the Weierstrass equation y* = f(x)
where f(x) = 23 + Az + B for A, B € Z with distinct roots e1, ez, e3. Let K = Qleq, e, e3)
be the splitting field of f(x).

Let P = (xq,y0) € E(K). We define a map § : BE(K) — (K*/(K*)?)3 by

6A set of points {P1, Ps, ..., P, € E(Q)} are linearly independent over Z if miP1 +maoPa+...4+mp Py # 0
for any mi,ma, ..., m, € Z.
"These conditions are equivalent because Ok is a Dedekind domain.
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(1,1,1) ifP=0,
(xo — e1,x0 — €2, 70 — €3) if yo # 0,
5(P) = ((61 - 62)(61 - 63),61 — €2,€1 — 63) ifP = (61,0),
(e2 —e1,(e2 —e1)(e2 —e3),ea —e3)  if P = (e2,0),
(63—61,63—62,(63—61)(63—62)) ifP: (63,0).
Then § is a homomorphism with ker(d) = 2E(K)
Remark 3.2. Note that 2® + Az + B = (x — e1)(z — e2)(x — e3), so comparing z? terms,
e1 +ex+e3=0.

Remark 3.3. Note that if 6(P) = (81,02, 63), then d10263 = 1 in K*/(K*)? so image(?)
can be embedded into (K*/(K*)?)2.

Proof. Most of this proof is taken from [LR] with the slight modification that K is not
necessarily equal to Q, but still assuming h(K) = 1.

First, we show that § is a homomorphism. Let P = (xq,yo) and @Q = (x1,y1) be points on
E(K). Note that d(zg,y0) = §(P) = §(—P) = d(xo, —yo) because d does not depend on the
sign of . So to show 0(P)d(Q) = §(P+Q) is the same as to show §(P)J(Q) = §(—(P+Q)).

Let R = —(P + Q) = (x2,y2). First we assume y; # 0 for ¢ = 1,2,3. The points P,Q,
and R are collinear, so let L = PQ be the line connecting the three points and suppose it
has the equation y = ax + b. Substituting y into the equation for the curve, we obtain a
polynomial,

p(z) = (ax +b)? — (z — e1)(z — e2)(z — e3).

The roots of p(z) are exactly the x-coordinates of P, ), and R, namely, z¢, x1, and 2.

Hence p(x) factors as

p(z) = (ax + b)2 —(z—e1)(x —e2)(x —e3) = (xg — z)(z1 — z) (T2 — T)
Evaluating p(x) at e;, we obtain,
p<€i> = (aei + b)2 = (x() — 6@)(1‘1 — 61')(1'2 — 6,‘).
Thus,

6(P)5(Q)O(R)

= (zg —e1,x9 — €2,x0 — €3) X (x] —e1, 21 — ez, x1 — €3) X (X3 — €1,x2 — €2, T2 — €3)

= ((zo — e1)(@1 — e1) (w2 — 1), (x0 — €2) (@1 — e2)(w2 — €2), (w0 — €3)(x1 — €3) (22 — €3))
= ((aeq +b)?, (ae2 + b)?, (aez + b)?)

= (1,1,1) € K*/(K*)?

Thus §(P)6(Q)6(R) = 1 in K*/(K*)2. Multiplying both sides by 6(R), we obtain
d(P) x 6(Q) =0(R), i.e. 6(P)xd(Q)=3d(—(P + @), which completes the proof that ¢§ is
a homomorphism in the case when y; # 0 for i = 1,2, 3.
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There are three more cases to consider. Either y; = 0 for exactly one of i = 1,2, or 3 or
y; = 0 for i = 1,2 and 3, or one of the points is O.

Next we consider the case when y; = 0 for exactly one of ¢ = 1,2, or 3. Recall that
we need to show 6(P)§(Q)5(R) = 1 in K*/(K*)2 Without loss of generality suppose
that yo = 0. Then x¢ = e; for some ¢ = 1,2,3. Without loss of generality, let xg = e;.
So P = (z0,y0) = (e1,0). Then one can check that the line connecting P, @, and R is

Yy = xf’jﬂ) (e1 — ). Substituting this into our equation of the curve as in the previous

case, we obtain a polynomial,

2
p(x)z( b )<e1—x>2—<x—e1><x—ez><x—e3>.

Ty —e

Again, the roots of p(z) are exactly the x-coordinates of P,@Q, and R, namely, ¢ = e1,z1,
and x2. Hence p(z) factors as

2
p(ac):< Ll ) (61—$)2—(£C—€1)(.%'—62)(x—€3):(61—$)(.%'1—x')($2—x).

Iy —e€l

Dividing by (e; — x), we obtain

1 2 _
( > (e1 —x)+ (x —e2)(x —e3) = (x1 — x)(x2 — ).

Iy —e€

Then evaluating at = = e,

(61 - 62)(61 — 63) = (1'1 — 61)(.TU2 — 61).

Thus,
5(P)S(Q)3(R)
= ((e1 —e2)(e1 —e3),e1 —eg,e1 —e3z) X (x1 —e1,x1 — e2,x1 —e3) X (x2 — €1, T2 — €2, T2 — €3)
= ((ex —ea)(e1 — )(961 —e1)(z2 — 1), (zo — e2) (w1 — e2) (w2 — €2), (zo — e3)(x1 — e3) (22 — €3))
= (((e1 — e2)(e1 — €3))?, (aea + b)?, (aes + b)?)

=(1,1,1) € KX /(K*)?

which completes this case.
Next consider when y; = 0 for ¢ = 1, 2, and 3. Then without loss of generality, x¢o = eq,
T = ez, T2 = ez and again, we wish to show §(P)§(Q)6(R) = 1 in K*/(K*)2. Then,
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§(P)6(Q)I(R) = ((e1 — e2)(e1 —e3),e1 — ez, e1 — €3)
X (e2 —e1, (e —e1)(e2 — e3),e2 — €3)
X (e3 —e1,e3 — ez, (e3 —e1)(e3 — e2))
= (((ex — e2)(e1 — €3))?, ((e2 — e1) (e2 — €2))?, ((e3 — e1)(e3 — €2))?)
=(1,1,1) € K*/(K™*)2.

Next, we consider the case when one of these points is O. Let P = O without loss of
generality. Then the line connecting @ and R is vertical, so if x1 = x2 and y; = —ys2.
Then,

0(P)(Q)0(R) = (1,1,1) x (x1 —e1, o1 — €2, 71 — €3) X (xg — €1,x2 — €2, L9 — €3)

(
(
(
(

(z1 —e1)(z2 —e1), (z1 — e2)(z2 — €2), (x1 — e3)(w2 — €3))
z1 —e1)?, (1 — €2)?, (21 — €3)”)
1,1,1) € K*/(K*)2.

which completes the proof that § is a homomorphism.

Next, we show that ker(d) = 2F(K). It is clear that 2E(K) C ker(d) since 0 is a
homomorphism; §(2P) = (§(P))? = 1. Next we need to show the reverse containment.

Let Q = (71,%1) € ker(d). Then Q € E(K) such that §(Q) = (1,1,1) in K*/(K*)2.
We need to show there exists some P = (zg,y0) € E(K) such that @Q = 2P. It is enough
to show that zg = x1 since then Q = £P.

Working out the arithmetic of adding two points on the curve, we obtain a duplication
formula for z-coordinate of elliptic curves. This is taken from [LR], Exercise 2.11.16.
Denoting the z-coordinate of a point P € E(K) by z(P), the duplication formula says that
z(Q) = z(2P) when

a:% — 2Ax3 — 8Bz + A?
4y§ '

Here, we only show the case in which ¢; # 0. The remaining cases are left to the reader.
Then §(Q) = (1,1,1) in K*/(K*)? implies that zo — e; is a square for i = 1,2,3. Let
To— € = t? for some t; € K*.

Define p(z) € K[x] by

(x —ez)(x —e3) 4t (x —e1)(x —e3) (x —e1)(x —ea)
(e1—e2)(er —e3) | (ea—er)(ea—es)  (es—er)(es—e2)

This polynomial is designed so that p(e;) = ¢;. Notice that p(z) is a quadratic, so let

p(x) = a+ bx + cx?. Define ¢(z) = z1 — 2 — p(z)%. Then

x1 =x(2P) =

qle)) =z —e; —t2 =0
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for i =1,2,3. Thus (z — ¢;) divides ¢(z) for each of these i. Thus (z —e;)(x — e2)(x —
e3) = 23 + Ar + B = f(z) divides g(x). In other words, ¢(x) = 0 modulo f(x). Thus
11 — 2 = p(x)? = (a + br + cx?) mod f(z). If we expand the right hand side, we get that
71 — 2 = 2t + 2bexd + (2ac + b?)2? + 2abx + a®.

Next notice that 23 = —Az — B and 2* = —Ax? — Bz. Then, substituting this and
recollecting terms, we get © — 1 = (2ac+b? — Ac?)z? + (2ab — Bc? — 2Abe)x + (a? — 2beB)
mod f(z). Thus z —z1 — ((2ac+b* — Ac?)x? + (2ab— Bc? — 2Abe)z + (a* — 2beB)) = 0 mod
f(x). Thus f(z) divides z — 1 — ((2ac+b* — Ac?)x? + (2ab — Bc? — 2Abe)x + (a? — 2beB)),
which is a polynomial of degree at most two. Since f(x) is of degree three, this means
r —x1 — ((2ac + b> — Ac*)z? + (2ab — Bc? — 2Abc)x + (a? — 2bcB)) = 0, or equivalently,
r—1x1 = ((2ac +b* — Ac?)x? + (2ab — Bc? — 2Abc)x + (a? — 2bcB)). Matching coefficients,
we see that

(1) 2ac 4+ b? — Ac> =0
(2) 2ab — Bc? — 2Abe = —1
(3) a? — 2bcB = ;.

If ¢ = 0, then b = 0 by equation (1). Then p(x) = a is constant so t; = to = t3. Since
t? = x1 —e; by definition, it follows that e; = eg = ez, which would make the curve singular
and is thus a contradiction. Thus ¢ # 0. Multiplying equation (2) by % and equation (1)

by C%, we get

2ab 240 -1
4 - _p-_=—___
) c? c c?
2ab B Ab
© ata =0

Subtracting equation (4) from equation (5), we get

O eall) o ()

Thus the point P = (zg,y0) = (2,2) is on the curve. Since p(z) € K[z], a,b,c € K, so
P e E(K).

From equation (5), we can deduce that a =
we get

A—x%
2yo

. Substituting this into equation (3),
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2
z(Q) =z = (A_l%> — 2bcB

210
_ (A% — 240 + af) — (20cB)(4yp)
4yg
_ (A% = 2Ax% + () — (2bcB) (%)
4y3
_ (A% — 2Ax3 + x8) — 8By
4y(2]
& — 2422 -8B A?
4y
The case in which y; = 0 is left to the reader. ([l

Corollary 3.4. § induces an injection,
B(K)/2E(K) — (K*/(K*)?)

Proof. This follows from Theorem 3.1 together with the remark that image(d) can be
embedded into (K> /(K*)?)2. O

Our goal is to show that image(d) can be embedded into something finite in order to
bound the rank. (K*/(K*)?)? is not finite, so we are not quite done. However, the image
of § is in fact much smaller than (K /(K*)?)2. The next proposition shows that the only
primes in K* which can divide the square-free parts of the elements of the image of ¢ are
those dividing the discriminant of the curve. (See Examples 2.8.2 and 2.8.4 in [LR] for an
example of this). Thus showing image(d) is in fact finite.

Proposition 3.5. Let E be the elliptic curve defined over Q by y?> = f(x) where K is
the splitting field of f(x) and let e1,ea,e3 € K be the roots of f(x) as before. Suppose
h(K)=1. Let P = (z0,y0) € E(Q) and let

(zo — e1) = au®
(1’0 - 62) = bU2

(zo — e3) = cw?

where u,v,w € K* and where a,b,c € O are square-free. Then if plabc then p|A where
A = (e1 —e2)(e1 — e3)(ea — e3) and where p is a prime element of Ok

Remark 3.6. It only makes sense to take a,b,c to be square-free because h(K) = 1 so
Ok has unique prime factorization. Without unique prime factorization, the notion of a
“square-free” element of Ok becomes unclear. This will be addressed in Section 4
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Remark 3.7. Note that abc is a square in O since (zo — e1)(zo — e2)(zo — e3) = Yy so
abe(uvw)? = y2

Remark 3.8. Also note that A € Ok because e¢; € O for each 1.

A similar proposition is proven on pages 55-56 of [LR] as Proposition 2.8.5. Here, K = Q,
but a similar argument shows that this proposition holds for any K so long as h(K) = 1.
The key property used in this proof is that Ok has unique factorization when K = Q, but
this is true of any K such that h(K) = 1.

We are now fully equipped to show that image(d) can be embedded into something finite.

Corollary 3.9. Let r1 be the number of real embedings of K into C and let ro be the
number of pairs of non-real embedings of K into C. Let {p;}1<i<n be the set of primes in
Ok dividing A and let {u; }o<i<r,4ro,—1 be a set of generators of the unit group, O . Let
= {ugo...u;l:};f__llpil...pf{l ai, t; € Z)2Z}. Then § induces an injection

E(K)/2E(K) — I'?

Proof. Any unit u € O™ is of the form ugo...ui:j_t;{_ll by Dirichlet’s Unit Theorem. The

rest is a result of the previous proposition and corollary 3.4. [l
Corollary 3.9 is very useful, because now we know that the size of E(K)/2E(K) is at
most the size of I'2, which is finite. Next, an examination of the structure of E(K)/2FE(K)
will allow us to bound the rank.
The Mordell-Weil theorem states that F(K) is a finitely generated abelian group, so by
the fundamental theorem of finitely generated abelian groups,

E(K) T x 7fte(K)

where T is the torsion subgroup (i.e. T is a finite group).

So what is the structure of E(K)/(2E(K))? We know that (e1,0), (e2,0), (e3,0) € E(K)
by the definition of K being the splitting field of f(z), and any point of this form is of
order exactly 2 (one can easily check this from the definition of addition), which means
that T" must have exactly 3 points of order 2. Thus T is not cyclic, so by Mazur’s theorem,

TX=7/27 x Z/2MZ7Z for M =1,2,3, or 4.

Therefore T' has two generators, both of which are of even order. When we take T/2T,
all even multiples of these generators become O and all odd multiples of these generators
are now in a single class. So ultimately, we are left with Z/2Z x Z/27Z.

To understand what happens to the free part after taking this quotient, again look at
the generators. There are Rp(x) generators of the free part. Again, the even multiples of
each of them become O and the odd multiples are now in a single class. So the free part
becomes (Z/27)fr0<)

So overall, E(K)/2E(K) = (Z/27)**Ret) . Therefore, |E(K)/2E(K)| = 2@+Eeu0),
We are now ready to prove our bound.
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Theorem 3.10. Let E be an elliptic curve defined by the Weirestrass equation y* = f(x) =
23+ Ax + B where A, B € 7. Let K be the splitting field of f(z) and let e1,ea,e3 € K be
the roots of f(x) as before. Assume that h(K) = 1. Let v(A) be the number of primes in
Ok dividing A and let vy be the number of real embeddings of K into C and let ro be the
number of pairs of non-real embeddings of K into C as in Corollary 3.9. Then,

RE(K) <2(rp+re+rv(A)—1)
Proof. Counting elements of I', we can see that

|F| — 2r1+r2+u(A) )

So since E(K)/2E(K) «— I'? by Corollary 3.9, |E(K)/2E(K)| < |[I'?|, which means

9(2+REpx)) < 92(rit+r2+v(A))

= 2+ RE(K) < 2(r1 +r2 +v(A))
= RE(K) < 2(7’1 + 79+ I/(A) — 1)

proving the bound.

4. OpD CLASS NUMBER AND CANONICAL FACTORIZATION

Next, we generalize to the case when h(K) is only assumed to be odd. The proof of
the bound in this case is similar to the previous case. However, Proposition 3.5 relied on
unique factorization and we can no longer assume that Qg has unique prime factorization,
so in this section we introduce the concept of a “canonical factorization”® of elements in
Op raised to the power of the class number, which leads to a sort of generalization of the
notion of square-free parts of elements as far as we are concerned with this notion.

Example 4.1. let K = Q[v79]. Then h(K) = 3 and O = Z[V79]. In Ok, 45 can be
factored into the product of irreducible elements in two ways.

45=3%2%x5

45 =3 x (V79 +8) x (V79 — 8)

One can check that 3,5, (v/79 +8), and (v/79 + 8) are all irreducible. If we only saw the
second factorization, we might be naively tempted to say that 45 is “square-free” because
it is the product of distinct irreducibles, but the first factorization tells us that there is
indeed a square dividing 45.

8This is not standard terminology.
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A natural question to consider is what this notion of “square-free” actually means when
we cannot assume unique factorization. One might be tempted to try the quick-fix of
defining an element to be square-free when there does not exist an irreducible element
whose square divides it, but perhaps even more troublesome is the notion of the square-
free part of an element. Consider the following example.

Example 4.2. Consider the element oo = 360445179 € Og. Using this quick-fix definition
of square-free, what is the square-free part of a? Notice that o = 45 x (v/79 + 8), so from
our previous two factorizations of 45, we obtain two factorizations of c.

a=3%x5x (V79+8)

a=3x (V79 +8)? x (V79 —8).

The first factorization suggests that 5 x (/79 + 8) is the square-free part and the second
factorization suggests that 3 x (v/79 — 8) is the square-free part and indeed both of these
satisfy the quick-fix definition of square-free and divide a.

This example tells us we still have ambiguity in the notion of square-free parts of elements
when the class number is higher than one. For this reason, we will need something more.

The reader should check that if we define a map? from K> into K*/(K*)? in the
natural way, this map is well-defined for arbitrary K. So it does make sense to consider
K> /(K*)? regardless of whether or not we have unique factorization. The trouble arises
in deterministically choosing a representative of K> /(K*)? for class number higher than
one.
When h(K) = 1 and we take the square-free part of an element a € Ok, what we
are doing is pinning down a unique'® representative of the class of a in K*/(K*)? in
a deterministic fashion. The reason our previous attempt at generalizing the notion of
square-free parts failed is because it failed to pin down a unique representative of the
equivalence class of o in K> /(K*)2. Thus, our goal will be to devise a way to choose a
unique representative of a given equivalence class in K* /(K *)2.

Coming back to our failed quick-fix generalization of the notion of square-free parts, no-
tice that if we had a deterministic way to choose one factorization of an element rather than
another, then perhaps this quick-fix idea could be salvaged into an idea which successfully
pins down a unique representative of a given equivalence class in K*/(K*)2. This is the
role that canonical factorization plays.

Let a € K* and let (a) = p7*...p5" be the factorization of (a) into prime ideals where
e; € Z for 1 < i < n. Raising this equation to the power of h(K), we obtain

INote that K* J(K*)? is the set of equivalence classes in K> where a, 3 € K* are equivalent when
there is some v € K such that o = 3+?2
10When we say the representative is unique, we mean it is unique up to multiplication by units
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(a)h(K ( )h(K)
(ah( )) g‘) €1h( ) ._p Enh(K)
(@) = (py"FN)er (o, NI yen

Note that ¢;”®) must be principal for each i since h(K) is the order of the ideal class group
and any element of a group raised to the order of that group is the identity. Let ;" = (p;)
where m; is the order of p; in the class group. Then note that p; is an irreducible element
of Ok because if p; = ab then p;"" = (a)(b) so (a) and (b) are both powers of g;, but @;™
is the smallest power of p; that is principal. Therefore, one of a or b must be ;" and
the other must be a unit. Thus, p; is irreducible. Suppose h(K) = m;k;. (Recall m;|h(K)
since m; is the order of p; in CI(K).) Then,

h(K ))

h(K))e1 h(K))en

(a = (¢ (on
— (ah(K)) — (pl)klel...(pn)k"e”

= (@) = ). )

h(K) kie1 knen

=—a = upy*t..py for some u € O™

Since p; is irreducible for each i, this is a factorization of a") into irreducibles. Also
notice that the choices of p; are unique up to multiplication by units in Og.

hK) — yphter pknen t6 be the canon-

Definition 4.3. We define the factorization above, a

ical factorization of a"®) in K* into irreducibles.
Note that a"®) = ¢ in KX/(KX)2 because h(K) is odd. Similarly, for a € K* a

representative of a € K* /(K*)?, we define the canonical factorization of a in K*/(K*)?

into irreducibles to be a = upkle1 ..pknen where u € O™ and where k;e; € Z/27.

It is very important that the canonical factorization of a") stems directly from the

factorization of (a) as an ideal because factorization of ideals is unique so the canonical
factorization of a given element in K*/(K*)? is completely determined by that element,
thus giving us a deterministic way to choose one particular factorization of a"*) up to
multiplication by units.

Next, we wish to define a generalization of the notion of the square-free part of an
element. Since we will ultimately be working in K> /(K *)?, it makes sense to define the
square-free part of an element a € Ok to be an element b € O such that @ = b in
K> /(K*)? which is invariant under our choice of representative of @ in K> /(K*)2. More
explicitly, if @ = az in K> /(K*)?2, then the square-free part of a; should be equal to the
square-free part of as, and we want that @1 = da = b where b is the square-free part of a;
(and thus also of as).
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Definition 4.4. Let K* be a number field such that h(K) is odd and let a € Ok. Let

ahK) — uplflel...pﬁ"e" be the canonical factorization of @) in K*. We will denote the
square-free part of a as s(a). Then we define the square free part of a in K* to be

s(a) =u H Di-

odd e;
where the p; are the irreducibles appearing in the canonical factorization of al(K)

Remark 4.5. Notice that s(a) = a in K*/(K*)2. This is because a™¥) is a square times
s(a) by the definition of s(a) and a¥) = ¢ in K*/(K*)? since h(K) is odd.

Proposition 4.6. If a;,a2 € Ok and ay = ay in K*/(K*)?, then s(a1) = u®s(az) for
some u € O and conversely.

Proof. Suppose a1,as € O and a3 = az in K*/(K*)% Let (a1) = g1 P'...0 " and let
(a2) = 171 Fr o1 P, P where gp; are prime ideals for 1 < i < n, where E; € Z
for 1 <i < n, and where E; is even for [ +1 <7 < n.

Letting h(K) = k;ym; where m; is the order of g; in the class group, and letting (p;) =
p;", we have that

(al)h(K) = (pl)klEl...(pl)klEl and

(a2)") = (p1) P ()15 (prga ) B Bt (pg ) P

Therefore,

h(K) k1Ey

ki E
ap =iy o

.-D1 and

h(K) kiE kE ki1 E knE,
as = ugpy M ppgq MLy, B

for units w1, us € Oj. Then by definition, we have

s(a1) = wy H p; and

odd E; for 1<i<l

s(ag) = ug H Dj.
odd E; for 1<i<n
(Recall that h(K) is odd, so k; is odd and thus k; F; is odd exactly when FE; is odd).
Since Fj; is even for [ +1 < i < n, all we have left to show is that ujus Lisa square. Then
s(a1) = uiuy 's(ag) by the previous equations, so we will be done with this direction. By
remark 4.5, s(a;) = a; in K*/(K*)? and s(a2) = az in K*/(K*)?, so since a1 = as,
s(ar) = s(ag) in K*/(K*)?, which proves that uju,® is a square.
Next suppose s(a1) = u?s(az) for some u € O. Then s(a1) = s(az) in K*/(K*)?, so
since s(a1) = ap and s(az2) = ag, we have a1 = as.
O
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This proposition tells us that choosing the square-free part of an element via our defini-
tion uniquely determines an equivalence class in K* /(K *)? and all elements of an equiv-
alence class in K* /(K *)? share the same square-free part up to multiplication by square
units.

Note that the definition we decided on is slightly different than what we might expect
as given an element a € Ok, the square-free part of a does not necessarily divide a; we
know that s(a)|a" ), but this does not imply that s(a)|a. This will be evident in the next
example. Although we can’t say that the square-free part of a divides a, as mentioned in
remark 4.5, they are congruent in K> /(K *)2, which is all we really need.

Example 4.7. Coming back to our previous example of o = 360 + 45v/79 € Ok where
K = Q[v/79], what is the canonical factorization of oK) and what is the square-free part
of a determined by this factorization?

First, we take the factorization of (a) into prime ideals.

(360 4 45v/79) = (3,1 4+ V79)% x (3, =1 +V79)% x (5,2 + V79) x (5, -2 + V/79)?
Next, we raise to the power of h(K'), which is 3 in this example.
(360 4 45v79)3 = (3,1 + v79)% x (3, -1+ V79)? x (5,2 + V79)® x (5, -2 + V/79)"

Note that since the class number is prime, all non-principal ideals must have order exactly
equal to h(K). Next we find the p; by raising each prime ideal to its order.

(3,1+V79)® = (—17 — 2V/79)
(3, -1+ V79)% = (17 — 2V/79)
(5,2 + V79)% = (21 — 2/79)
(5, -2+ V79)% = (21 + 2V79)

So the canonical factorization of a/"(5) is

o) = (=17 — 2v/79)? x (17 — 2V79)3 x (21 — 2V/79) x (21 + 2V/79)?
for some unit u € O If we compute (—17—2v/79)% x (17—2v/79)3 x (21 —2v/79) x (21 +
2/79)2, we find that this is 3736125 — 729000v/79, and " " __ =5 = (—80 — 9V/79)
so the proper unit is u = (—80 — Q\ﬁ)
From this, we get that the square-free part of a is s(a) = (=80 — 9v/79) x (—2v/79 +
17) x (=279 4 21) = 196 + 23+/79, which is neither of the guesses we had in our previous

example before introducing canonical factorization. Note that a, 196 4+ 23v/79, 5v/79 + 40,
and 3/79 — 24 are in the same congruence class in K /(K*)? because

2
24+ /79
360 + 45v/79 = (196 + 23v/79) x (J;)

14+2v79)°
196 + 23v/79 = (5v/79 + 40) x (*5)
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2
5VT79 + 40 = (3v/79 — 24) x (W) .

This is what we wanted the definition to accomplish and so in fact, due to Proposition
4.6, s(a) = 196 + 23+/79 is the square-free part of all of these elements.

Also notice that a = s(a) x %5‘/%, so since %5‘/% ¢ Ok, s(a) 1 a.

Next, we wish to apply this concept to proving a generalization of Theorem 3.10. The
first place in the previous section where the assumption that h(K) = 1 was used was in
Proposition 3.5. So first, we will need a new version of this proposition which does not rely
on this assumption. In order to state this new version of Proposition 3.5, we will use the
following Lemma.

Lemma 4.8. Let h(K) be odd. Given o € K*, there exists a € Ok such that o = a in
K*/(K*)? and such ordy(a) is odd whenever ¢ is a prime ideal dividing (a).

Proof. Given o € K*, let a = 2—; where b1,by € Og. Then ab% =b1by € Ok and b1by = «
in K*/(K*)2. For simplicity of notation, let b = bybs.

Let a be the square-free part of b. Then a = b so a = o in K*/(K*)2. Also note that
each (p;) is a prime ideal to the power of its order in CI(K), and since h(K) is odd, each
(pi) is a prime ideal to an odd power, so we are done. O

Proposition 4.9. Let E be the elliptic curve defined over Q by y?> = f(z) where K
is the splitting field of f(x) and let e1,ea,e3 € K be the roots of f(x) as before. Let
P = (z9,y0) € E(Q) and let

T9—€e1=a

To— e =D

Tg—e3=c

in K*/(K*)? where a,b,c € Ok such that whenever o divides (a), (b), or (c), ordy(a),
(respectively ord,(b) and ordy(c)) is odd. Then p|(abc) = p|(A) where g is a prime
ideal in Ok

Remark 4.10. Such a, b, ¢ exist by Lemma 4.8.
Remark 4.11. Throughout the paper, I use the notation (A) to mean AQk.

Remark 4.12. Note that when I write (), for v € K*, I do not mean the ideal in K*
generated by . Ideals in fields are of course trivial. This is a fractional ideal, meaning if
v =2 for n,m € Ok, then (y) = (n)(m)~".

Proof. Suppose p is a prime ideal in Ok such that p|(abc).

If o divides (a), (b), and (c), then letting a = (zg — €1)A? where A € K*, ord,(a) =
ord,,((zo—e1)A?), so ordy,(a) = ord,,(wg—e1)+20rd,(A), which means that ord,,(zo—e;) is
odd. Similarly ord,(zo—e2) and ordg,(xg—e3) odd, thus ord,((zo—e1)(xo—e2)(zo—e3)) =
ordg(xg—e1)+ord,(zo—ea)+ordg (zo—e3) is odd. But the product, (zg—e1)(xo—e2)(xo—
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e3) = ya so ord,((wo — 1) (o — e2)(zo — e3)) is even, which is a contradiction. So it cannot
be the case that all three of (a), (b), and (c) are divisible by p.

Next, suppose p divides exactly one of (a),(b), and (¢). Without loss of generality,
suppose p|(a). Then by the same argument as above, ord,,(zo —e1) is odd and since g 1 (b)
and p 1 (c), ordy(xo — e2) = ordy(xg — e3) = 0 mod 2. But then ord,((zo — e1)(xo —
e2)(xg — e3)) = ordg,(xzg — e1) + ord,(zg — e2) + ordy,(zg — e3) is odd. But the product,
(zo — e1)(wo — €2)(wo — e3) = y§ so ordy,((zo — e1)(wo — €2)(xo — €3)) is even, and we arrive
at the same contradiction.

So g divides exactly two of (a), (b), and (¢). Without loss of generality, suppose g|(a),
o[(b) and 1 (¢). Then ord,(xo — e1) and ord,(zo — e2) are odd by the same argument as
above. The rest of the proof is divided into three cases.

First, we consider the case when ord,(zo — e1) # ord,(xzo — e2). Then ord,(e; — e2) =
min{ord,(xzo — e1),ord,(zg — e2)} since e; — ey is the difference of zg — e; and zg — es.
Then ordg,(e1 — e2) is odd, so in particular, ord,(e; — e2) # 0. Thus p|(e1 — e2) so p|(A)
since A = (e1 —e2)(e1 — e3)(e2 — e3). (Recall that e; is a root of a monic polynomial with
integral coefficients by definition, so e; € Ok so (e; — e;) € Ok so it makes sense to say
that p|(e; — e2).)

Next, we suppose ordg,(zg — e1) = ord,(zg — e2) < 0. Then ord,(zo — e1) # ordg(er)
because ord,(e;) > 0 and ord,(xzg — e1) < 0. Therefore ord,(zg) = min{ord,(zo —
e1),ordg(e1)} and min{ord,(xzg —e1),ord,(e1)} = ordy (2o —e1). So ordy,(zg) = ordg (o —
e1). So ordgy(xp) < 0. If ord,(xzg — e3) < 0, the same argument will show that ord,(zp) =
ord,(xzg — e3) and that ord,(zg) = ordy(rg — e2) so we would have ord,(xzg — 1) =
ord, (2o — e2) = ordy,(zg — e3) so ord,(y3) = 3ord,,(zo — e1) but we showed ordy,(zo — €1)
is odd so this is a contradiction. If ord,(zo — e3) > 0, we also know ord(e3) > 0 since
e3 € Ok so ordg,(xp) > min{ord,(zg — e3),ord,(e3)}, but then ord,(xzg) > 0 which is a
contradiction. Therefore, the case when ord,(zo — e1) = ord,(zo — e2) < 0 is impossible.

Finally, we consider the case when ord,(xzg — e1) = ordy,(zg — e2) > 0. (Note that we
do not need to consider the case when ord,(zg — e1) = ord,(zg — e2) = 0 because we
showed ordy, (2o —e1) and ord,(xzg —e2) are odd.) We know ord,(e; —e2) > min{ord,(zo —
e1),ord,(zg — e2)}. Since both ord,(xzg — e1) and ord,(xzg — e2) are greater than zero,
ordg,(e1 —ez) > 0, so p|(er — e2), and thus p|(A), completing our proof. O

The point of this proposition is to aid us in creating an injective map from the im-
age of § to a finite set, the size of which will be easy to count. Let m; be the projec-
tion of image(5) onto the ith coordinate of (K*/(K*)2)3 for i = 1,2,3. We will de-
fine a map p; from 7;(image()) to I'/(I"?) where I' = {a € K* : ord,(a) # 0 —>
o|(A) for prime ideals p}. Note that I' = I'/(I"?) when h(K) = 1, so this is consistent
with Corollary 3.9. We will refer to u; as p and 7; as m with the understanding that pu is
i for an arbitrary coordinate of (K> /(K*)?)3. We define i as follows.

Given a € w(image(d)) C K*/(K*)?, choose a representative a € K* and let (a) =
17102 be the factorization of («) into prime ideals p; where f; € Z, f; # 0 for
1 <i<n. Let m; = ord(p;) in CI(K).
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fi if f; >0,
Define E; = { lem(2|fi|,m:) + e if f; < 0.

Consider the product p1F1po"2...0, . Note that this product forms a principal ideal
because 1P 0.0, P = (a)I where I is the product of p;™Clfilm) such that f; is
negative. Since m; = ord(gp;) in CI(K), and since m,; divides the exponent of p; for each
@; dividing I, we have that I is principal, and so o1 o®2...0,F" is principal. So let
plEl ngQ...an" = (a). Note that a € Ok since E; > 0 for all i. Note that since these
ideals are principal, a = uja in K> /(K*)? for some unit u; € Oj.

Next, let m;k; = h(K), and let (p;) = p;. Notice that s(a) € O such that s(a) =
zo — e; in K*/(K*)? and ordg(s(a)) # O implies that ord,(s(a)) is odd. Therefore,
s(a) plays the role of a,b, and ¢ in the hypotheses of Proposition 4.9, so the result of this
proposition tells us that p[(A) whenever p|(s(a)) (or equivalently, whenever ord,(s(a)) # 0
since s(a) € Ok). Notice that this tells us s(a) € I". Finally, we define u(a) = s(a) where
s(a) is the equivalence class of s(a) in I"/(I"?). Next, we show p is well-defined and
injective, providing an analogue of Corollary 3.9 for odd class number.

Proposition 4.13. The map p : w(image()) — I /(I"?) is well defined and injective.

Proof. Let a1, as € m(image(d)) such that a1 = ag in K*/(K*)2. Then let as = av?
where v € K*. Let (a1) = g1/'...¢/t and let (v) = @17+ ...0n"" be the factorizations
of (a1) and (v) into prime ideals. Then (as) = @1/1...0 1127410, 2. Following the
definition of y, let (a1) = p1F'..." and let (ag) = 1P ... P o B4, B where for
1<i<l,

gl if f; >0,
C lem (21 5], mg) + f if f; <0
and for [ +1 < i <n,

E_{Qﬁ if fi >0,
v lcm(4]fi\,mi) +2f; if f; <O.

Notice that E; is even for [ +1 < i < n and that aq,as € Ok. Also notice that a1 = oy
and az = ap in K*/(K*)2. So since a; = ag, we have a; = ag in K*/(K*)2 Then
applying Proposition 4.6, s(a) = u?s(b) for some unit u € O. Since units are in I", this
shows s(a) = s(b) in I'"/(I")? showing p is well-defined.

Suppose u((@1)) = p((@z)). This means that s(a;) = s(ag) in I'/(I"?), so s(a1) =
s(ag)d? for some 6 € I’. Since I" C K*, s(a1) = s(ag) in K*/( )2. Since a1 = s(ay)
and ag = s(az), we get that oy = az in KX/(K*)2, so @ = @, proving that u is
injective. O

Next, we wish to count the size of I'/(I"?). Note that I = {a € K* : (a) =
P11 po'2..n!m } where {p; h1<i<n is the set of primes dividing (A) and t; € Z for 1 < i < n.
Then each congruence class in I'/(I')? is uniquely determined by the values of ¢; taken
modulo 2 because if (o) = P11 po'2...0n" and (8) = 111 92"...0,", then o = B in T7/(I7)?



A BOUND ON THE RANK OF ELLIPTIC CURVES 25

exactly when o = 3 x 72 for some v € I, which happens exactly when ¢; = ¢, mod 2 for
each i. There is one more subtlety to make note of, which is that even if we take the
set of equivalence classes { o111 a2 pptn it € Z/2Z}, it is not immediately obvious that
each class will correspond to a class in I'/(I)? because it is not immediately obvious
that for each choice of {#;}, there exists a principal ideal (o) = @1 o!2...00,' for inte-
gers t; in the class t; € Z/27Z. However, this is in fact true because the class number is
odd, so for each gp;, we can raise to the power of h(K) to get a principal ideal. Thus
I /(T = {pnf .. on'™ - ; € Z/2Z}.

Thus, there are 2“(2) choices of 1, ..., &, which will yield an element of I /(I"?) where
v(A) is now interpreted to be the number of prime ideals'! dividing (A). So there are 2(%)
choices for the class @1/t p2'2...0,'". Then we choose a representative from each class, a
principal ideal (o) = p1'1...0,". Then there are 2"1%"2 choices of a generator of this ideal
up to squares where 7 is the number of real embeddings of K into C and ry is the number
of pairs of non-real embeddings of K into C. This is by Dirichlet’s Unit Theorem'?; given
one generator of the ideal, any unit multiple is also a generator of the same ideal and there
are 11 + 19 generators of the unit group which only matter up to squares. This yields a
total of 2/(A)471472 elements of I /(I” 2). We are now fully equipped to generalize Theorem
3.10 to the odd class number case.

Theorem 4.14. Let E be an elliptic curve defined over Q by the Weirestrass equation
y? = f(z) = 2® + Az + B where A, B € Z and let K be the splitting field of f(z) and let
e1,ea,e3 € K be the roots of f(x) as before. Assume that h(K) is odd. Then letting v(A)
be the number of prime ideals in O dividing (A), and letting r1 and o be as before,

RE(K) S 2(7“1 + 2 + V(A) — 1)

Notice that we did not have to make the bound any looser by making this generalization,
a luxury we will not have in the next section.

Proof. |E(K)/2E(K)| = 22+Ret9) as was shown before Theorem 3.10.

We just showed that [I7/(I"%)] = 2(r+r2+v(8)),

Notice that E(K)/2E(K) — (I'"/(I"*))2 by composing p and 8, so |E(K)/2E(K)| <
|(TY/(I"?))2|, which means

22+RE(K) < 22(7“1 +ro —l—l/(A))

= 2+ Rpx) < 2(r1 +r2+v(A))
— RE(K) < 2(’/“1 —+ 79 + I/(A) — 1).

HNote that this is consistent with our previous usage of this notation in section 2 because when h(K) = 1,
the number of prime ideals dividing (A) is exactly the number of prime elements of Ok dividing A.

12Djirichlet’s Unit Theorem states that there are 71 + 7z — 1 generators of the free part of the unit group.
In the cases we are concerned with, the finite part of the unit group (i.e. the roots of unity) is always cyclic,
yielding a total of r1 + r2 generators of the unit group
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Corollary 4.15. Rgq) < 2(r1 + 2 +v(A) —1).

Proof. Note that if P € E(Q) is of infinite order in E(Q), then it is also of infinite order in
E(K) because Q C K so each power of P is in E(K), and none of them are the identity.
O

5. ARBITRARY CLASS NUMBER

While in the case of odd class number, canonical factorization worked very well to help
us generalize the notion of the square-free part of an element, the same approach will
not work if we allow the class number to be even. While we could still define canonical
factorization of elements raised to the power of the class number, it is no longer true that
for a € K*, we have a = o"®) in K*/(K*)2, which was needed so that for a € O,
s(a) = a in K*/(K*)? as was pointed out in Remark 4.5. Thus defining this no longer
helps us choose a representative of a given class in K*/(K*)2. Furthermore, we can find
no odd number n such that («)” is guaranteed to be principal for all elements a € Ok.
Simply take any ideal of exact order two in the class group; then raising to any odd power
brings us back to the original ideal class we began with, and thus we will never have a
principal ideal as the odd power of an ideal of order two. So we can never find n such that
a=a"in K*/(K*)? and (a)" is always principal.

This means we need a new approach. The same underlying approach to proving our
bound will still be used, that is, we want to show that image(d) embeds into something
finite. Then if we can count the size of the range, we can get a bound on the size of
our domain which will yield a bound on the rank as in the previous two cases. In the
second case, we used our expanded notion of the square-free part of an element to show
that image(§) could be embedded into (I'/(I")2)? and this was easy to count the size of,
yielding the proof of our bound.

Recall that I" = {a € K* : ordy(a) # 0 = p|(A)}, or equivalently, I' = {« €
K*:p{(A) = ordy(a) = 0}. Another way we could describe this set is to say that
I" = ker(®) where

(7) K- Pz
oy

is defined so that 7(®(c)) =ordy, () where 7 is the projection of the direct sum onto the p
coordinate and where the direct sum is taken over the set of prime ideals p € Ok such that
© 1 (A). More explicitly, given o € K*, suppose (o) = @11 p92...0," where t; € Z for
1 <4 < n. Then the coordinate in ®(«) in of(A) Z corresponding to the ideal p; (where
©i 1 (A)) is &;. In general, we will denote an element of €Dy Z by (ap)pya). With this
notation, ®(a) = (ordy(a))epa)-
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Notice that in our definition of the map ®, had we taken the direct sum over all prime
ideals instead of only the prime ideals g such that gt (A), ker(®) = I'" would be the unit
group, Ox. Essentially I' is the what the unit group would be if we introduced inverses
of the prime ideals dividing (A).

What we have shown in the previous cases is that the projection onto one coordinate of
the image of § can be embedded into ker(®)/(ker(®))? =TI"/(I")2.

Here, we will consider the map

(8) p: K*)(K*)? — P z/22
pt(A)

We will denote ker(p) by N. For a € T, let & = {8 € I" : 8 = ay? for some 7 €
I'"} be the equivalence class of o in IV/(I")2. For a € KX, let @ = {3 € KX : 3 =
av? for some v € K*} be the equivalence class of o in K* /(K*)2.

What is the relationship between N and I'/(I')?? They are not the same. N is a
subset of K*/(K*)? such that @ € N means that for p { (A), ord,(a) = 0 mod 2 for a
representative a € K* of a. However, @ € I"/(I")? means that ord,(a) = 0 for p{ (A), a
stronger condition.

One might think for a second that these two conditions are not terribly different. After
all, given a € K* a representative of @ € N, then ord,(a) = 0 mod 2 for p { (A) implies
that we could multiply by A2 for some ideal A to obtain an ideal I = (a)A? such that
ord,] = 0. The problem with this is that A may not be principal, and thus I may not
be principal, so multiplication by A% may not yield another representative of &@. However,
this leads us to an important observation that when O is a principal ideal domain, N
and I'"/(I)? are in fact not very different. We will see in the next proposition that when
h(K) is odd, there is a bijection between N and I'/(I")2. In fact, they are isomorphic. We
will also see that regardless of class number, I'V/(IV)? can be embedded into N.

Although N cannot actually be equal to I'"/(I")? as described above, essentially what is
going on is that the size of the equivalence classes in I"/(I'')? are slightly smaller; namely,
they don’t include those elements of K™ which are not in IV but are in the same class as an
element of I'. When h(K) is odd, each class in I"/(I")? corresponds exactly to a unique
class in N C K*/(K*)? and the only difference is that the equivalence class in I"/(I")? is
possibly missing some elements of K* which are not in I".

Proposition 5.1. There is an injective homomorphism from I'/(I")? to N. Furthermore,
when h(K) is odd, this map is onto, yielding an isomorphism between N and I'/(T")2.

Proof. Define the map p : I"/(I')? — N so that u(a) = @ where for « € K*, a =
{8 € T": B = ay? for some v € I} is the equivalence class of o in I'/(I")? and where
a={BecK*:B3=ay?for somey € K*} is the equivalence class of a in K> /(K*)2.
First note that although this map is naturally defined from I'/(I')? to K*/(K*)?,
image(y) C N. Let a € I'. Any representative of @ is of the form a~? for some v € K*.
Since a € I, @ has the property that o { (A) implies that ord,(«) = 0. Thus ay? has the
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property that o { (A) implies that ord,(ay?) = 0 mod 2, showing that ¢(a) = 0. Thus
(@) € ker(p) = N.

Next, we will show that p is well-defined. Let «, 3 € I” be representatives of the same
equivalence class in I/(I)2. Then a = 342 for some v € I". Since IV C KX, this shows
o € u(B). Thus p(a) = p(B) showing that u is well-defined.

Next note that u is a homomorphism of abelian groups because ajas = ajas by defini-
tion of multiplication in K> /(K*)2.

Next, we will show that p is injective by showing that the kernel of u is trivial. If
a € ker(p), then @ = 1, so a = 1 x 72 for some v € K*. Since a € I", v2 € IV, s0 v € I
Thus o € 1, so 1 = @ and we’re done.

To show that p is onto will require the assumption that h(K) is odd. Consider B € N
and let a € Ok be a representative of B. (Note that given any class in K*/(K*)?, we
can find a representative in Ok ). Then for any prime ideal p such that p { (A), we have
ordg(a) = 0 mod 2.

Let (o) = I A’ where I is the product of prime ideals (to their respective powers) dividing
() which also divide the discriminant and A’ is the product of prime ideals (to their respec-
tive powers) which do not divide the discriminant. More explicitly, if (o) = 7' p5*...05" is
the prime factorization of («), then

I= H p;" and
pil(A)

Al = H P;.
@if(A)
where 1 < i < n. Note that A" is a square because ord,(«) = 0 mod 2 whenever p t (A),
so let A’ = A2

Then (o) = TA% So (a)M¥) = [ME)(AME)2 and raising any ideal to the power of
the class number yields a principal ideal, so let I"5) = (3) and let A"5) = (). Then
()" E) = (B)(7)?, so ") = uBy? = uB in K*/(K*)? for some u € OF. Since h(K) is
odd, a"¥) = o in K*/(K*)?, s0o a = uf in K*/(K*)2.

Recall that (uf3) = (3) = I"¥) and I was constructed so that p|I implies that p|(A).
Thus, p|(8) implies that p|(A). Therefore, u3 € I'. And since a = uf in K*/(K*)2,
a € uf = u(ufB) so B = u(ufB) showing that u is onto when h(K) is odd.

U

This proposition will be proved another way in Lemma 5.4, but the point of presenting
this now is to suggest that a natural generalization of I'/(I')? would be to instead consider
N. They are isomorphic when h(K) is odd and I'"/(I")? embeds into N in general. This
is the approach we will take, that is, we wish to show that the projection of the image of
¢ onto a given coordinate can be embedded into N. We then wish to bound the size of V.
First we focus on showing that the projection of the image of § onto a given coordinate
can be embedded into N.
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Recall that in the previous section, we showed 7(image(d)) embeds into I'/(I")? in
Proposition 4.9. However, we used that h(K) was odd in Lemma 4.8 which was used
in the statement of this proposition to ensure the existence of a,b, and ¢. However, an
investigation of the proof of this proposition will reveal that it also showed that ordg(zo —
ei) = 0 mod 2 implies that p|(A) whenever xy — e; € w(image(d)), which shows that
m(image(d)) embeds into N. In fact, a, b, c were only actually needed to show that g € I,
thus showing p(w(image(d))) € I'/(I')2. For clarity, we state a version of Proposition 4.9
which does not rely on the existence of a,b, and ¢ and we revisit the same proof without
using a, b, and c.

Proposition 5.2. Let E be the elliptic curve defined over Q by y?> = f(x) where K
is the splitting field of f(x) and let e1,ea,e3 € K be the roots of f(x) as before. Let
P = (x0,y0) € E(Q). Then ord,(xo — €;) is odd = p|(A) where p is a prime ideal in
Ok

Proof. Suppose g is a prime ideal in Ok such that ord,(zo — e1) is odd. (The same
argument will hold choosing ord,(xzo — e2) or ord,(zo — e3) to be odd).

If ordy,(zp — e2) and ordg(zg — e3) are also both odd, then ord,((xg — e1)(xo — e2)(xo —
e3)) = ordg, (2o —eq) +ordg(zo —e2) +ord,(zo —e3) is odd. But the product, (zg—e1)(xo —
e2)(zo — e3) = y2 so ord,,((zo — e1)(zo — €2)(wo — e3)) is even, which is a contradiction. So
it cannot be the case that all three of ord,(xo — e1), ord,(zg — €2), and ord,(zo — e3) are
all odd.

Next, suppose only ordg,(zg — e1) is odd, and ord,(zo — e2) and ord,(zo — e3) are even.
But then ordy,((xo —e1)(xo —e2)(xo —e3)) = ord,(xg —e1) +ord,(xg —e2) +ord, (o —e3) is
odd. But the product, (zo — e1)(zo — e2)(xo — e3) = y so ord,,((zo — e1)(xo — e2)(zo — €3))
is even, and we arrive at the same contradiction.

So exactly two of ord,(zg—e1), ord,(zo—e2), and ord,(x¢—es3) are odd. Let ordg,(zo—e1)
and ordy,(zo — e2) be odd and ordg,(xg — e3) be even. The rest of the proof is divided into
three cases.

First, we consider the case when ord,(zo — e1) # ord,(xg — e2). Then ord,(e; — e2) =
min{ord,(xog — e1),ord,(zo — e2)} since e; — ey is the difference of xg — e; and xg — es.
Then ordg(e1 — e2) is odd, so in particular, ord,(e; — e2) # 0. Thus p|(e1 — e2) so p|(A).
(Note that e; is an algebraic integer since it is the root of a monic polynomial with integral
coefficients. Thus (e; — e;) € Ok so it makes sense to say that p|(e; — e2)).

Next, we suppose ordg,(xzg — e1) = ord,(zg — e2) < 0. Then ordg(zg — e1) # ordg(er)
because ord,(e;) > 0 and ordg(xg — e1) < 0. Therefore ord,(zg) = min{ord,(zo —
e1),ordg(e1)} and min{ord,(xg —e1),ordg(e1)} = ordg (2o —e1). So ordy,(zg) = ordg (o —
e1). So ordg(xp) < 0. If ord,(xzg — e3) < 0, the same argument will show that ordg(xo) =
ordg(xzg — e3) and that ord,(zg) = ordy(rg — e2) so we would have ord,(xzg — e1) =
ord, (g — e2) = ord,,(x — e3) so ord,(y2) = 3ord,(wo — 1) but we showed ordy,(zo — e;)
is odd so this is a contradiction. If ord,(zg — e3) > 0, we also know ordg(e3) > 0 since
e3 € Ok so ordgy(xg) > min{ord,(xzg — e3),ordy(e3)}, but then ord,(xg) > 0 which is a
contradiction. Therefore, the case when ord,(zg — e1) = ordg,(xzg — e2) < 0 is impossible.
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Finally, we consider the case when ord,(zo — e1) = ordy,(zg — e2) > 0. (Note that we
do not need to consider the case when ordg,(zg — e1) = ordy,(z¢g — e2) = 0 because we
showed ord,(xzo —e1) and ord,(xzg —e2) are odd.) We know ord,(e; —e2) > min{ord,(zo —
e1),ord,(zg — e2)}. Since both ord,(xzg — e1) and ord,(xzg — e2) are greater than zero,
ordg,(e1 —eaz) > 0, so p|(er — e2), and thus p|(A), completing our proof. O

Since N = {& € K*/(K*)?: ordy(a) odd = g|(A)}, this version of the proposition
immediately yields the following corollary.

Corollary 5.3. w(image(d)) — N. Furthermore, applying Proposition 3.4, this implies
image(§) — N2.

We have succeeded in showing that image(§) < N2, which was the first of our two goals.
Next we need to figure out a way to bound the size of N. Note that it is no longer easy to
count the size of N as it was for I/(I")2.

We will do so by showing that there are maps p and v such that the following is an
exact sequence where (Ca )2 is the 2-torsion'® of CA and where ¢ is as defined in (8).

(9) 0—I"/(I') % N = (Ca)z
If we can show this, then (I'/(I")?)/ker(u) = image(u) and by the exactness, ker(u) is

trivial so IV/(I")? = image(u). Also, N/ker(v) = image(v) and by the exactness of the
sequence, image(u) = ker(v) so then N/(I'/(I")?) = image(v) and image(v) C (Ca)2 so

this yields the following bound on the size of N.
IN| < [T'/(T)]|(Ca)al.

We already know how to count the size of I'/(I')? and we will see that (Ca)s2 is not
difficult to count either. First we will show that (9) is an exact sequence.
Let Ca = coker(®). Recall that I'" = ker(®). Thus the following is an exact sequence.

(10) 0T K% @2Z—Cs—0

wh(A)
where @ is as defined in (7). The injection from I to K* is just inclusion and the map
from P of(a) Z to Ca takes elements to their class modulo image(®). Both of these maps
are homomorphisms and @ is also a homomorphism.

Notice that just like IV resembles O, Ca resembles the class group, CI(K). In fact
the class group is sometimes defined as fitting into the exact sequence above without the
condition that o { (A). Notice that @ ya)Z is a way to represent ideals modulo those
prime ideals dividing the discriminant and image(®) is essentially ideals that are principal
(or would be principal if multiplied by an ideal A such that all prime ideals dividing A also
divide the discriminant), so it makes sense that Ca = coker(®) = (D ya)Z)/ image(P)
should remind us of the class group because we are taking the set of ideals (modulo prime

I31f A is an abelian group, then for n € N, the n-torsion of A is (A),, = {a € A such that na = 0} where
the operation in A is denoted additively.



A BOUND ON THE RANK OF ELLIPTIC CURVES 31

ideals dividing (A)) and moding out by “principal” ideals (or ideals that are equivalent to
a principal ideal modulo prime ideals dividing (A)).

Recall that we defined N = ker(¢) and (Ca )2 is the 2-torsion of Ca. Then similarly, we
obtain the following exact sequence where ¢ is as defined in (8).

(11) 0— N < K*/(K*)?*5 P z/2z
ef(a)
where again the map from N to K*/(K*)? is inclusion.

Now using (11) and (10), we can prove the following lemma which will allow us to bound
the size of N as discussed earlier.

Lemma 5.4. There exist maps p and v such that the following is an exact sequence.
0T/ L N2 (Ca)e

Proof. This proof is an expanded version of one found in [Mil06] on page 117. Let A € N
have representative o € K*. Then since N = ker(®), ord,(a) = 0 mod 2 for all p t (A).
Then define a map v : N — C(a)) such that

<ordg(a) > "

Note that (%)KJKA) € Dyya)Z and for A € @ yn)Z, I use the notation [A] to

mean the class of A modulo the image of ®. (Recall that Ca is (@) Z)/ image ®).

Since as it is written, this may appear to depend on a representative of N, we first show
that v is well-defined. Suppose a, 5 € K* are representatives of the same class A € N.
Then o = 372 for some v € K*. Then

v:iA—

ordg,(a) = ord,(B) + 2ord,(y) for all p

ord,(a)  ordy(B3)
2 2

= ("59) = (752) sy

+ordy(y) in particular, for all p 1 (A)

Note that (ordp(v))M(A) = ®(y), so [(ord@(v))pT(A)] =0 in Ca. Thus

[(()rd;(a)> Pi(A) B [<Ord;(m> M(A)]

which shows that v is well-defined.
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Next we will show that image(r) C (Ca)2. (Notice that (Ca)2 is a subgroup of Ca).
Let A € N have representative o € K*. Then

<ordg(a) ) N

— 2w(A) = [(ordp(a)) mm)} = [®(@)] =0 in Ca.

v(A) =

Thus image(v) C (Ca)2. Next we show that ker(v) = T”/(I")2. (Notice that IT"/(I")? is
not actually a subset of K> /(K*)? so it doesn’t make sense to say that ker(v) = I""/(I")?).
To do so, define a map f : ker(v) — I'/(I")? as follows.

Let A € ker(v) C N. Then v(A) =0 in Ca implies that

<ordp(a)> € image(®).
2 of(A)

Then there exists 8 € K™ such that
ord, («
#(5) = (ordy (D)o = ()
((CAY

= ordgy (o) = 20rd,(B) for all p 1 (A)
— (a) = (8)*(y) for some v eI’

Notice that 3 is unique up to multiplication by elements of I”, so 7 is unique up to
multiplication by elements of (I'")2. So it makes sense to define f(A) = 4 where 7 is the
class of v in IV/(I")2. Tt is left to the reader to verify that f is an isomorphism. O

Corollary 5.5. |N| < [IV/(I")2]|(Ca)2|

Proof. See the map defined in (9). The discussion following this map proves this corollary.
O

Next we need to bound [(Ca)2|. Notice that Ca C C where C = CI(K) is considered
with additive notation to be consistent with Ca. Thus (Ca)2 C (C)2, so [(Ca)a| <
|(C)2] = |(CI(K))2|. Note that (CI(K))2 = CI(K)/(CI(K))?. So we wish to find the size
of CI(K)/(CI(K))? since |(Ca)z| < |CI(K)/(CI(K))?|. First we consider some examples.

Example 5.6. Let CI(K) = Z/5Z. Then CI(K)/2(CI(K)) = {1} because if CI(K) is
generated by g where the order of g is 5, and we set squares of all elements to be 1, then
g®=gsog=1. So |CI(K)/(CI(K))? = 1.

Example 5.7. If CI(K) = Z/AZ, then CU(K)/2(Cl(K)) = {Z/2Z} because if CI(K) is
generated by ¢ of order 4 and we set squares of elements to be zero, then ¢! = g and
g™ =1form e N. Also g # 1, so |CI(K)/(CI(K))?| = 2.

Lemma 5.8. Let CI(K) = C) x ... x Cy, and the C; are finite cyclic groups and let e(K) =
{Cy : |Cy| is even }|. Then |CI(K)/(CIL(K))?| = 2¢(F).
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Proof. Let n € N. Let CI(K) 2 Cy x ... x Cy, where C; 2 Z/k;Z generated by {91, 92, --9n}
where the order of g; is k;. For odd k;, let k; = 2n; + 1. Then g; 2nit2 _ = g;. Setting the
squares of all elements to be 1, (g;”H)2 =1sog; = 1. For even k;, szH =g and g?" =1
for all m € N. Therefore, we are left with CI(K)/(CI(K))? = {g; : k; is even} where the

order of g; is 2 for each i. In other words, CI(K)/(CI(K))? = (Z/ZZ)S(K), which proves
our claim. O

Theorem 5.9. Let E be an elliptic curve defined over Q by the Weirestrass equation
y? = f(z) = 2® + Az + B where A, B € Z and let K be the splitting field of f(z) and let
e1,e2,e3 € K be the roots of f(x) as before. Then letting v(A) be the number of prime
ideals in Ok dividing (A), and let r1 and ro be the number of embeddings of K into C
which are real and not real respectively. Then,

Ry < 2(r1 + 12 + v(A) + ordy (h(K)) — 1).

Proof. Recall that |TV/(I")?| < 21F72+(4) a5 in the proof of Theorem 4.14.

By Lemma 5.8, [(Ca)2| < 2¢5) where e(K) = |{C; : |Cy] is even }| where CI(K) =
C1 X ... x C}, and the C; are finite cyclic groups.

Note that e(K) can be no greater than ordy(h(K)) with equatlity when each C; such
that |C;| is even has order exactly 2.

By Corollary 5.5,

IN| < [I/(T)?|[(Ca)e]
— |N| < 2(ntre+v(A)t+e(K))

— [Image(8)| < 22(1F72+v(A)+e(K) by Corollary 5.3

Just as before, |E(K)/2E(K)| = 22T1219)  so by Theorem 3.1,

22+RE(K) < 22(r1 +ro+v(A)+e(K))

= 24 Rp(r) < 2(r1 +r2 +v(A) + e(K))
= Ry <2(r1+r2 +v(A) +e(K) — 1)
= Rpk) < 2(r +ra+v(A) +orde(h(K)) — 1)
proving Theorem 5.9. U

Corollary 5.10. The proof in fact shows a slightly tighter bound. Letting e(K) = |{C; :
|Cy| is even }| where CI(K) = Cy X ... x Cy, and the C; are finite cyclic groups, we get

Ry < 2(r1+ 712+ v(A) +e(K) = 1).
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Corollary 5.11. Since Rpq) < Rpk) as discussed in the previous section, we obtain the
following.

(r1+r2+v(A) +e(K) - 1),
(ri1 +ro+v(A) + orda(h(K)) — 1).

Rpg) =2
Rpg) =2
6. ExaMPLES, CONCLUSIONS, AND FURTHER INQUIRIES

We have successfully proven an upper bound on the rank of an arbitrary elliptic curve.
However, there are many more questions left unaddressed. Can we find examples of curves
for which this bound is tight or could the bound be made tighter in general? If not in
general, could it be made tighter under specific conditions? Does the class group even
contribute to the rank as would be the case if this bound was tight?

One should note that this bound is by no means ground-breaking and in its generality,
it does lose quite a bit of tightness. Many tighter bounds are known. In the examples to
come you will notice that it does not seem to be the case that this bound is very tight.
This is very much the nature of the topic of elliptic curves; different curves often behave
radically differently from one another, which makes it very difficult to have a bound that
is both general and relatively tight.

Example 6.1. The best example I've been able to find of this bound being close to the
actual rank is the curve y?> = 22 4+ 8x. The actual rank of this curve is 1. Using SAGE,
one can determine that 1y + 73 — 1 = 0, ¥(A) = 1, and orda(h(K)) = 0, so the bound is
20+1+0)=2.

Unfortunately, for most curves, the bound was not nearly this tight.

Example 6.2. The following is a program I wrote in SAGE which considers all non-
singular curves of the form y2 =23+ Ax+ B, where i < A < jand n < B < m, and prints
“(A, B), [Rpk),2(r1 +r2 + v(A) — 1)], orda(h(K))” where A and B are the coefficients of
the curve.

Although computing B(—10,10, —10, 10) only tests 431 curves'®, this does give us some
sort of statistics indicating the strength of this bound.

sage: def B(i,j,n,m):

e a=i

el b=n

ce while i<=a & a<=j:

R while n<=b & b<=m:

R R.<x>=QQ[]

R f=x"3 + a*x + b

e if f.discriminant()!=0:
R r=EllipticCurve([a,b]).rank()
R if f.is_irreducible():
el K.<k>=NumberField (f)

4 There are 21% = 441 combinations of A and B , but only 431 of them are non-singular.
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et G.<g>=K.galois_closure()
et if len(f.factor())==2:

ce if b==0:

e A=0

et B=a

el if b!=0:

e D=divisors(b)

et for d in D:

R if d°3 + axd + b ==
..... A=d

R if -d"3 - axd + b ==0:
..... A=-d

el B=at+A"2

R G.<g>=NumberField(x"2 + A*x + B)
el if len(f.factor())==3:

cet G=QQ

et M=G.class_number () .ord(2)

ceet if G.degree()>1:

et R=G.unit_group() .rank()

et L=prime_factors(f.discriminant())
ce 3=0

ol p=0

et while 0<=p & p<=len(L)-1:

et S=S+len(G.primes_above (L[p]l))
ce p=p+1

et if G.degree()==1:

ce R=0

R S=len(prime_factors(f.discriminant()))
e print (a,b),[r, 2x(R+S+M)],M

R b=b+1

ce if b>m:

R b=n

ce a=a+l

It would consume too much space to include the actual results of this program for all
431 curves, but Figure 2 is a graph which indicates the number of curves for which the
difference between the bound and the rank is a given value. The horizontal axis represents
the difference between the bound and the rank and the vertical axis represents the number
of curves for which the difference between the bound and the rank is the given value. More
explicitly, letting 2 denote the difference 2(r1 + 72 +v(A) +orda(h(K)) — 1) — Rg(g), then
f(x) is the number of curves tested which yield this difference.

The average difference between the bound and the rank over all was about 13.7968,
where the smallest gap was 1 and the largest was 30. However, I cannot stress enough that
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FIGURE 2. f(z) is the number of curves y? = 23+ Az + B for —10 < A, B <
10 such that 2(r1 +r2 + v(A) +orda(h(K)) — 1) — Rg(q) = =

we are working with a rather small sample size and we only consider curves with small
coefficients.

Investigating the graphs in Figures 2, 3, 4, and 5, we do see something vaguely like
normal distributions, but it still appears to also be fairly random, possibly a consequence
of our small sample size.

Figure 3 is the same idea as Figure 2 but considering only the curves for which ords(h(K))
is 0. Here, the average difference between the bound and the rank is 10.8512, which was
lower than the average difference for all curves.

Figure 4 is the same, considering only the curves for which ords(h(K)) = 1. Here, the
average difference between the bound and the rank is 17.2255, already higher than the
overall average difference.

Figure 5 is the same, considering only the curves for which ords(h(K)) > 1. Here, the
average difference between the bound and the rank is 19.9783.

These three charts indicate that for small ords(h(K)), as orda(h(K)) gets larger, the
bound seems to get looser. So as orda(h(K)) increases, perhaps the rank of curves on
average is staying about the same.

While example 6.1 is somewhat tight, it would be more satisfying to see a curve for which
the bound is relatively tight where all of the components of the bound are non-zero. For
example, what if ordy(h(K)) does not even contribute to the bound? What I mean by this
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FIGURE 4. same as Figure 2 but only considering curves such that
orda(h(K)) = 1.

is, can we find a curve such that the rank of this curve is greater than 2(r; +rp+v(A)—1)7?
Note that this is what the bound would be if we set ords(h(K)) = 0. I ran a program on
SAGE which tested a number of curves by iterating over the coefficients to see if I could
find any example in which the class group actually necessarily contributed to the bound.
Had this given me an example, we would know for sure that this is an important part of
the bound if we wish to keep the bound general. However, the program returned no such
examples, which leaves the question of whether the class group contributes to the bound
inconclusive. This program was of course limited in many ways. It is difficult to test a
very large number of curves without running into problems computing the rank of all of
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FIGURE 5. same as Figure 2 but only considering curves such that
orda(h(K)) > 1.

them. It would be better to narrow down certain classes of curves in which we expect we
may find such examples and then run the program only on those curves.

Example 6.3. The following program was written in SAGE to consider all curves y? =
22 + Ax 4+ B, where i < A < j and n < B < m, and when the curve is nonsingular, it
computes 2(rq +r2 +v(A) — 1) which is the hypothetical bound in which the class number
plays no role, and it computes the actual rank. If it finds a curve in which Rgq) >
2(r1 +r2 +v(A) = 1), it prints “(A, B), [Rgq), 2(r1 +r2 +v(A) — 1)], ordeh(K)” where A
and B are the coefficients of the curve in which Rgq) > 2(r1 +ra+orda(h(K))+v(A) —1)

sage: def B(i,j,n,m):

el a=i

el b=n

ce while i<=a & a<=j:

e while n<=b & b<=m:

- R.<x>=QQ[]

e f=x"3 + axx + b

e if f.discriminant()!=0:

R r=EllipticCurve([a,b]).rank()
c el if f.is_irreducible():

R K.<k>=NumberField(f)
celat G.<g>=K.galois_closure()
R if len(f.factor())==2:

el if b==0:

R A=0

e B=a

e if b!=0:
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e D=divisors(b)

for d in D:

if d°3 + axd + b ==
e A=d

if -d"3 - a*d + b ==0:
el A=-d

B=a+A"2

celat G.<g>=NumberField(x"2 + A*xx + B)
e if len(f.factor())==3:

e G=QQ

e M=G.class_number() .ord(2)

if G.degree()>1:

cela R=G.unit_group() .rank()

R L=prime_factors(f.discriminant())
cet S=0

ol p=0

et while 0<=p & p<=len(L)-1:

et S=S+len(G.primes_above(L[p]l))
coa p=p+1

if G.degree()==1:

et R=0

R S=len(prime_factors(f.discriminant()))
e if r>2*(R+S):

print (a,b),[r, 2*x(R+S+M)],M
et b=b+1

cet if b>m:

cet b=n

ce a=a+l

I ran B(-10,10, 10, 10), which returned nothing. Thus for all curves tested, Rg(q) <
2(r1 +r9 + v(A) — 1). However, this is not a very strong suggestion that the class group
does not contribute to the rank. This has only checked 212 = 441 potential’® curves and
since the bound is not very tight anyway, it seems unlikely that we would have found such
an example, especially by such a brute force approach. It may be necessary for the bound
to be sharper in the case when orda(h(K)) = 0 to expect to find such examples.

However, if one continues to consider the average difference between the bound and the
rank as orda(h(K)) increases, perhaps we could find that this difference grows rapidly or
perhaps we would find that it levels off. If it grows rapidly, that seems to suggest the
possibility that the class group does not contribute that much to the bound, but if it levels
off, perhaps we could gain some insight into a better way to find an example in which
RE(Q) > 2(7“1 +7ro + V(A) — 1).

151t checks less than 441 curves, since some of them are singular



40 CHRISTINE MCMEEKIN

Note that all of the above examples used the bound Rpq) < 2(r1 + 72 + v(A) +
orde(h(K)) —1). This is the weaker of our two bounds in Corollary 5.11. We should point
out that it does make a difference to use the bound presented in Corollary 5.10 which
considers not only the class number, but the structure of the class group. We illustrate
with the following example, which is a curve taken from [JAP].

Example 6.4. Consider the elliptic curve y? = 23 — 1033477836241777x. v(A) = 7, and
ri+ro—1 = 1and h(K) = 256, so ordy(h(K)) = 8. Thus 2(r;+ra+v(A)4ordy(h(K))—1) =
32. This is not very tight because the actual rank is 10. However, the class group in this
example is Z/47 x ZJAZ x ZJAZ x sinceZ]4AZ so the structure of the class group reveals
that while ordy(h(K)) = 8, in fact e(K) = 4, so we can tighten the bound a little, by using
2(ri+ra+v(A)+e(K)—1) =24

There is of course much more that could be done from here. One could work on sharpen-
ing the bound in various ways or in various cases. One could continue to study the statistics
of the weakness of this bound in relation to the growth of ords(h(K)), or in relation to
other factors. One could also do the same sort of statistical analysis using the stronger
bound presented in Corollary 5.10.
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