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Chapter 1

Introduction

The law of quadratic reciprocity provides conditions that tell whether an integer is a
quadratic residue modulo primes. However, it does not treat 2 in the same manner as
other primes. There is a supplementary law for 2 which details the conditions needed
for it to be a quadratic residue.

In this thesis, we will recall a completion of the rational numbers Q, called the p-
adic numbers Q,. After exploring Q,,, we will consider the Hilbert symbol, a particular
pairing on Q; x Q. The Hilbert symbol satisfies the Hilbert reciprocity law, which we
will show is equivalent to the law of quadratic reciprocity. However, unlike quadratic
reciprocity, the Hilbert reciprocity law puts all primes on an equal footing, including
2.

For a Gaussian integer prime 7, we will also discuss the m-adic completion of Q(7),
denoted Q(i),. Then we will examine the Hilbert symbol on Q(7) and show that the
Hilbert reciprocity law on Q(7) is equivalent to quadratic reciprocity in the Gaussian

integers.



Chapter 2

The p-adic numbers

2.1 Useful Definitions and Properties

In this thesis, we will assume prior knowledge of the p-adic numbers Q,,. However, in
this section we will recall several important definitions and properties regarding Q,

that will be used frequently in this thesis.

Definition 2.1.1. Let p € Z be prime. Define the p-adic valuation on Z to be the
function v, : Z — {0} — R such that for each n € Z — {0}, v,(n) is the unique
positive integer satisfying n = p*(™n’ where p { n’. Furthermore, we extend v, so
that for z = § € Q* with a,b € Z — {0}, we have v,(z) = v,(a) — v,(b). Lastly, we

set v,(0) = oo.



Definition 2.1.2. Let x € Q. We define the p-adic absolute value of x by

if z #0,

o= {77
LCpI:

0, if v =0.

The field Q, is defined as the completion of Q with respect to the p-adic absolute

value, and we have the following theorem about the form of each element in Q,.
Theorem 2.1.3. Let x € Q. Then x can be written uniquely in the form

T=b_pp ™ 4+ by Fbp+bop’ -+ byp" = Z bp"

n>-—ng

with 0 < b, <p—1 and —ny = v,(x).

Proof. For a proof, see [3, p. 68, Corollary 3.3.11]. n
Definition 2.1.4. The ring of p-adic integers is Z, = {r € Q, : |z|, < 1}. In
particular, the units of Z, are Z = {r € Q, : |z], = 1}.

Theorem 2.1.5. Let n € Z such that n > 1. Then the inclusion Z — Z, induces a
ring isomorphism Z/p"Z — Z,/p"Z,.

Proof. See [3, p. 63, Corollary 3.3.6]. ]

Theorem 2.1.6 (Hensel’s Lemma). Let f(z) = ap+ajz+- - -+a,z" be a polynomial

in Z,[x]. Suppose that there exists a p-adic integer ag € Zy, such that
f(ao) = 0 mod pZ,

and

f'(ag) # 0 mod pZ,.



Then there exists a unique p-adic integer o € Z, such that o = oy mod pZ, and

fla) =0,
Proof. See [3, p. 70, Theorem 3.4.1]. O

Corollary 2.1.7. Let p be an odd prime and let w € Z;. Then u =U in Z; if and

only if w = mod p.

Proof. Let u € Z (in particular, u # 0 mod p). First, if u = O in Z), then obviously
u = O mod p. On the other hand, let v = [0 mod p. Then there exists some a €
(Z/pZ)* such that a* = u mod p. Now consider the polynomial f(x) = 2? —u. We
have that f(a) = a*> —u = 0mod p and f'(a) = 2a Z 0 mod p. Thus, by Hensel’s
lemma there exists a € Z, such that f(a) = 0. So & = u, meaning v = U in Z, and

|a|§:|u|p:1, so a € ZX. Thus, u =0 in Z). =

Lemma 2.1.8. Let p be an odd prime and let a,b,c € Z,;. Then there exist x,y €

Z/pZ such that ax* + by* = ¢ mod p.

. _ : 1
Proof. Rewrite the congruence as ax? = ¢ — by? mod p. Since there are 5‘% squares

in Z/pZ (including 0 mod p here), ax? mod p has ’%1 values as x varies mod p, and
- 2 +1 : : 1, pHl
likewise ¢ — by” mod p has %5~ values as y varies mod p. Since 5~ + 5~ =p+1 >

p = |Z/pZ|, by the pigeonhole principle
{aa® mod p: 2z € Z/pZ} N{c—by’ mod p:y € Z/pZ} # 0.

So there exist xg, 9o € Z/pZ such that ax3 = ¢ — by mod p. O

Corollary 2.1.9. Let p be an odd prime and let a,b,c € Z;. Then the equation

az? + by? = ¢ has a solution with x,y € Z,.



Proof. By Lemma 2.1.8 there are zg,yo € Z, such that ax3 + by? = ¢ mod p and
either xy £ 0 mod p or yy Z 0 mod p. The congruence is symmetric in the roles of

c—by? .
% g congruent
a

xg and Yo, so without loss of generality, let o Z 0 mod p. Then
mod p to a nonzero square x3, so by Hensel’s lemma there exists x € Z,, such that
r? = % and * = 2o mod p. Now let y = yo. Then (z,y) is a solution to the

equation ax? + by? = c. m



Chapter 3

The Hilbert Symbol

3.1 Definition and Basic Properties

The completions of Q are Qs, Q3,Qs, ..., and R. To describe these with a uniform

notation, let v be a place, either a prime or the symbol oo, and define Q., = R.

Definition 3.1.1. For any a,b € Q., the Hilbert symbol of a and b relative to Q, is

defined as

1, if az® + by? = 22 has a solution in (z,y,2) € Q2 — {(0,0,0)},
(a,b), ==

—1, otherwise.

For a,b,c € QX, we will often refer to az? + by* = cz? having a solution when we

mean having a solution besides (0,0, 0).

Remark 3.1.2. Since we can multiply the equation ax? + by? = 22 by any nonzero

square without changing the existence of a solution, if v is a finite place and there is a

6



solution to az? + by* = 2% with x,y, 2 € Q,, then there is a solution with z,y, 2z € Z,

3 X
and z, y, or z in Z.

Example 3.1.3. We will evaluate (2,3)3. This means that we are trying to find out
whether there is a solution to 22%+ 3y* = 22 with z,y, 2 € Qg besides (0,0, 0). If such
a solution does exist, we know that one exists with x,y, 2 € Z3 where at least one of
them is a unit. With this knowledge, we can now reduce 2z% + 3y? = 2% mod 3 and
obtain 222 = 22 mod 3. Here, if £ = 0 mod 3 then we would have that z = 0 mod 3.
Then 3|z and 3|z, so 3%|z? and 3%|22. This means that 3%(2* — 2z?). So 3%|3y?,
meaning 3|y?, which implies that 3|y. Now we have that z,y, and z are not units,
which is a contradiction as we had at least one of them being a unit. Thus it must
be that  #Z 0 mod 3. Then with 222 = 22 mod 3 we can divide both sides by z? and
get that 2 = [0 mod 3, which is a contradiction. Therefore, there is no solution to

222 4 3y* = 2% in Q3 besides (0,0,0) and (2,3); = —1.

Example 3.1.4. We will evaluate (2,2), for any v. Since 1,2 € Q, for all v, we can
use (z,y,2) = (1,1,2) as our solution to 2z% + 2y* = 2%. Thus for any v we have that

(2,2), = 1.

Now that we have defined the Hilbert symbol on Q,, we can examine its basic

properties.

Theorem 3.1.5. Fora,b,c € QJ,
(i) (a,b), = (b,a), and (a,c?®), =1,
(7) (a,—a), = (a,1—a), =1,

(ii1) (a,b), = (ac?,b), = (a,bc?),.



Proof. Properties (i) and (iii) follow from the definition of the Hilbert symbol, and

(ii) follows from using z = y = 1 and z = 0 or z = 1 respectively in the equations

ar? —ay® = 2% and az? + (1 — a)y® = 22, O

Definition 3.1.6. For b € Q, let Ny, = {2> —by* #0: 2,y € Q,}.
Theorem 3.1.7. For allb € QX, Ny, is a subgroup of QX and (QX)* C N,, C QY.

Proof. First notice that if y = 0 then z* — by? = 22, so (QX)* C Ny,. Any element
of Ny, is an element of Q) so N, C Q..

Now we will show that N, is a subgroup of Q.. Using x = 1 and y = 0, we have
z? — by? = 1, so N, contains the identity element of Q.

Next, let x,y,z,w € Q, such that 22 — by? and 2? — bw? are nonzero. Then

(22 — by?)(2? — bw?) is nonzero and

(22 = by?) (2% — bw?) = (z + yVb)(z — yVb) (2 + wVb)(z — wVb)
= (22 + byw + (zw + y2)Vb)(x2 + byw — (zw + yz)VD)

= (22 + byw)? — b(zw + yz)?,

so (22 — by?) (2% — bw?) € Ny,. Thus, Ny, is closed under multiplication. Lastly, Ny,

contains multiplicative inverses since

I el x 2 5 Y 2
T2 — byZ - (w2 _ by2)2 - r2 — by2 T2 — by2 :

Theorem 3.1.8. Let b€ QF. Ifb € (QX)?, then Ny, = Q.



Proof. Since b € (Q)?, set b = 2. Then for z,y € Q,, 2* —by* = 22 — (By)? = (v +
By)(x — By). With the invertible change of variables ¢t = z + Sy and u = x — By (here
x = andy = 33), wesee that {z®—by? # 0: 2,y € Q,} = {tu: t,u € Q;} = Q.

]

Remark 3.1.9. Later on we will see that if b ¢ (QX)?, then N,, # Q. This will
follow from Theorems 3.3.2, 3.3.3, and 3.3.4.

Theorem 3.1.10. For a,b € QJ, (a,b), =1 if and only if a € Ny,.

Proof. For the direction (=), suppose (a,b), = 1. Then there exist x,y,z € Q,
such that ax? + by* = 22 with (z,y,2) # (0,0,0). If z # 0, then we can rewrite

22

—by? . .
= This gives a = (/)2

ar’ +by? = 22 as a = — b(y')? for some v/, 2’ € Q, and
we're done. On the other hand, if z = 0 then y # 0 and z # 0, and b = (2/y)?, which
means that b = (J in Q. By Theorem 3.1.8, we have {z% —by? # O|lz,y € Q,} = Q.
Since a € Q. , we're done.

For the direction (<=), suppose a € Ny, so there exist z,y € Q, such that

a =% —by?. Then, a- 1%+ by? = 22, so (a,b), = 1. O

3.2 Square Classes

A square class in QX is a coset in QX /(Q)?. In this section, we will find a complete
set of square class representatives for Q.. These will be instrumental in proving the

bimultiplicativity of the Hilbert symbol.

Theorem 3.2.1. Let p be an odd prime and let v € Z) such that r = U mod p. A

set of square class representatives for Q) is {1,7,p,rp}.
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Proof. Since QX = p? x Z; and (Q))* = p** x (Z))*, we have

L TN
—:_X .
XL (g

Q,/(Q)) =

Since pZ /p*%2 depends only on the parity of the power of p, it is represented by {1, p}.
Also, by Corollary 2.1.7, if « € Z; then a = U mod p if and only if o € (Z;)Q.
With this, since any two nonsquare units in Z/pZ have a square ratio, Zx/(Zx)? is

represented by {1, 7} where r is a nonquadratic residue in Z/pZ. Thus, Q) / (Q;)2 is

represented by {1,p} x {1,7} ={1,r,p,rp}. =

In order to find the square class representatives for p = 2, we will need a more

general form of Hensel’s lemma.

Theorem 3.2.2. Let f(x) = ag+ a1z +-- -+ a,x™ be a polynomial in Zy,[z]. Suppose

that there ewists a p-adic integer g € 2y, such that

[f(eo)lp < £/ ()l

Then there exists a unique p-adic integer o € Z,, such that f(a) =0 and |a — ap| <
[ ()l

Proof. See [2, pp. 1-3, Theorem 1.4]. ]
Example 3.2.3. Consider the polynomial f(x) = 2? —u where u € Z;. We want to
use 1 as an approximate root of f(x) in Z,. Then we want f(z) to satisfy |f(1)]z <

|f/(1)]3. So we need |u— 1|5 < |2]3 = |4|5. This is equivalent to u = 1 mod 8Z,. Thus

Hensel’s lemma says that if u = 1 mod 8Zs, then u is a square in Zs and thus in Q.

Theorem 3.2.4. Let u € Z5. Then u is a square in Z5 if and only if u = 1 mod 8Z,.



11

Proof. For the direction (=), we look at the possible units mod 8, {1,3,5,7}, and
square them: 12 = 32 = 52 = 72 = 1 mod 8. This means that any square unit r in Z,
is congruent to 1 mod 8. For the reverse direction, use the previous example and note

that if r = a? in Zy with a € Qy then necessarily o € Z since |a|3 = |rl=1. O
Theorem 3.2.5. A complete set of square class representatives for Q3 is {1, £2, +5 +10}.

Proof. We have that

2Z x 7.5 2Z 7
2 2~ 2
Q;/(Q;) - 92Z + (Z;)Q - 22_Z X (Z;)Q

As in Theorem 3.2.1, 2%/22% is represented by {1,2}. Also, for u € Z we have that
2 fu. So by Theorem 2.1.3, u can be written in form v = 146245922+ - -+b, 2"+ - - |
where each b; € {0,1}. Therefore, either u = 1 mod4 or u = 3 = —1 mod 4.
As a result, Z5 = {&1} x (1 + 4Z,). Then (Z5)? = 1 + 87y, and 1 + 4Z, =
(1+8Zy) U 5(1+ 8Zy), so Z5 /(Z5)? is represented by {+1} x {1,5} = {+1,+5}.
Thus Q3 /(Q5)? is represented by {1,2} x {£1,+5} = {£1,+2, £5,+10}. O

3.3 Bimultiplicativity of the Hilbert Symbol

A key property of the Hilbert symbol is that it is bimultiplicative. This property will
be extremely useful for deriving a formula for the Hilbert symbol and proving the

equivalence between the Hilbert reciprocity law and quadratic reciprocity.

Definition 3.3.1. Let p be an odd prime and let d be a nonsquare in Q. Then let
L, = Qp(\/a). For a € Ly such that o = z4yvd with 2,y € Q,, define N : Ly — Q,
by N(a) = 2% — dy?.
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Theorem 3.3.2. Let p be an odd prime and let d be a nonsquare in Q. If Lqg =

Q,(Vd), then N(L;)/(Q)? = {a? —dy* # 0 : z,y € Q,}/(Q))? is a subgroup of
Q) /(Q))? with index 2.

Proof. Since (Q))* C N(L;) C QJ, to show the group N(L;)/(Q,))? has index 2 in
Q) /(Q))? = Z/2Z x Z/2Z it suffices to show that N (L) is neither Q) nor (Q))?.
It suffices by Theorem 3.2.1 to let d = r,p, and rp where r € Z,, and r # U mod p,

so we will break this proof into cases.

Case 1) Let d = r. We will show that only two square class representatives
in Q/(Q))* are elements of N(LX). We will first show that p is not a norm by
examining the homogenized equation z? — ry? = pz2. If there is a solution other
than (0,0,0) to this equation where x,y,z € Q,, then there is a solution where all
are in Z, and at least one is in Z7. Further, reducing this equation mod p gives
2?2 — ry? = 0 mod p, which tells us  and y are either both units or both divisible
by p. However, if they are both divisible by p then z must also be divisible by p.
Then x,y, z ¢ Z) and we have a contradiction. This implies that y # 0 mod p, which
in turn implies » = [0 mod p, a contradiction. Thus, p is not a norm from L,. So
N(LY)/(Qy)? cannot have order 4. Now we will show that 7 is a norm. The equation
z? — ry* = r has a solution with z,y € Z, by Corollary 2.1.9, so r is a norm. Since 1
is clearly a norm, we have N(L))/(Q))* = {1,7} and has order 2.

Case 2) Let d = Ap where A = 1 or A = r. To show r ¢ N(LJ)), consider the
homogenized equation x? — A\py? = rz%. If this equation has a solution in Q, other
than (0,0,0), it will have one where z,y, z € Z, and at least one is a unit. Therefore

we can reduce mod p and get 22 = rz? mod p. So just as we saw in the previous
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case, it must be that x and z are units, for otherwise p would divide z,y, and z and
we would not have a unit in our solution. Since z? #Z 0 mod p, we can divide both
sides of the congruence by it and get that » = [ mod p, a contradiction. Thus, r
is not a norm. Next we consider the homogenized equation x? — A\py? = pz2. This
equation has a solution in Q, (other than (0,0,0)) if and only if pz* — A\y? = 22 has
a solution in Q,. If there is a solution in Q,, then there must be one with z,y, z € Z,
with at least one being a unit, so we can reduce the second equation mod p and get
—\y?2 = 22 mod p. Also, we can note that if y is divisible by p then z is divisible
by p, which would make x divisible by p and then z,y,z ¢ Z,;. This would be a
contradiction, so it must be that y Z 0 mod p. This means that —A = [0 mod p.
Now, if A = 1 we will have a contradiction unless (_71) =1, and if (_71) = 1 then
(z,y,2) = (0,4/—1,1) is a solution to pr? — y? = 22. Thus for d = p, p is a norm if
and only if (_?1) = 1. On the other hand, if A = r we will have a contradiction unless
() = —1, and if (3}) = —1 then —r = O in Z, and (z,y,2) = (0,3/~r,7) is a
solution to pz? —ry? = 22. Therefore for d = rp, p is a norm if and only if (_?1) =1

Lastly, we will consider the homogenized equation 22— A\py? = rpz2. This equation
has a solution in Q, if and only if pz* — Ay? = r2? has a solution in Q,. And if there
is a solution in Q, then there must be one with z,y, 2 € Z, with at least one being a
unit, so we can reduce the second equation mod p and get —\y? = rz? mod p. Using
a similar argument to the one in the above paragraph, we can show that it must be
that y #Z 0 mod p. With this, if A = 1 we have that —y* = r2% mod p which implies
—r = Omod p. This is a contradiction unless (’71) = —1, and if (’71) = —1 then
(x,9,2) = (0,4/—r,1) is a solution to px* —y* = rz2. So for d = p, rp is a norm if and
only if (_71) = —1. Instead, if A\ = r, then we are left with —ry? = rz? mod p which

implies that —1 = 0 mod p. This is a contradiction unless (=*) = 1, and if (=}) =1
p p
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then (z,y,z) = (0,4/—1,1) is a solution to pz* — ry?> = rz%. Thus for d = rp, rp is a
norm if and only if (_71) =1

Overall, this gives us that

{1,}7}, if (_71) =1,

. _1 _
K{]wrp}v if (7) - _17

N(L)/(Qy)* =

p p

and

{1717}’ if (%) =—1,

\{1,7’])}, if (%) =1.

N(L3)/(Qp)* =

For each value of A\, N(L3))/(Q,)? has order 2. So for each nonsquare d in QJ,
N(L})/(Qy)? is a subgroup of Q) /(Q))* with index 2. O
Theorem 3.3.3. Let p = 2 and let d be a nonsquare in Q. If Ly = Qq(V/d), then
N(L})/(QX)? is a subgroup of Q5 /(Q5)?* with index 2.
Proof. The field L depends on the square class of d, so we can let d run through
square classes. Since Q5 /(Q;)? has order 8 and all its elements square to 1, to show
a subgroup has index 2 we show it is a proper subgroup with at least two elements
besides 1. Since d would have to run through eight square classes for the entire proof,
to save room we will only prove it for one unit square class and one nonunit square
class. The rest of the cases are proven with similar arguments.

Let d = —1. First consider the equation 2% + y?> = —1. If there is a solution
with z,y € Qg then we consider separately y € Zs and y ¢ Zs. If y € Zy then
22 = -1 —y? € Zy, 50 x € Zy. But 22,9 = 0 or 1 mod 4, so 2% + y* # —1 mod 4,

which is a contradiction, implying y ¢ Z,. Then we can write y in the form 57 where

_22'm —’1)2

22m

2

v € Zy and m > 1. Then 2? = -1 —¢* = . Since v is a unit, —2" — v
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is a unit and we can write x in the form g where v € Zj. With this, we have

22+ y? = % = “24;,,3’2 = —1. Then u? 4+ v?> = —4™ and reducing mod 4 gives us
that u? + v? = 0 mod 4. However, u?> = v? = 1 mod 4 as v and v are 2-adic units.
So, u? +v? = 2 mod 4, a contradiction. Thus, 22 + y?> = —1 has no solution in Q,
and therefore —1 is not a norm. On the other hand, 2,5 € N(L*,) since 2 = 12 4 12
and 5 = 12 4 22. Thus, 2%} x 5%} = {12,510} gives us four norms that are also

different square class representatives.

Let d = 2. We will show that 5 is not a norm by examining the homogenized
equation z? — 2y? = 5z2. If there is solution in Qy other than (0,0,0), then there
will be one where x,y, 2z € Zy and at least one of z, y, or z is a unit. Additionally,
if 2|z then 2|(z? — 2y?), so 2|z. Thus 4|2? and 4|22, which implies that 2|y* and 2|y.
With this z,y, z ¢ Z5 and we have a contradiction. Thus x € ZJ, so also z € ZJ and
1 —2y?> =5-1mod 8. Then y?> = 2 mod 4, a contradiction. So 5 is not a norm. In
contrast, —1,2 € N (L) since —1 = 12—2-1% and 2 = 22—2-1%. Thus, N(L3)/(Q5)?
has order 4 containing (—1){%1} x 201} = 11 1,2 —2}.

[

Theorem 3.3.4. A complete set of square class representatives for R* is {—1,1}.
Moreover, if L_; = R(v/—1) = C, then N(L*,)/(R*)? is a subgroup of R*/(R*)?

with index 2.

Proof. Since all positive reals are squares and all negative reals are non-squares, the
set {—1,1} is clearly a complete set of square class representatives for R*. Also
N(L*)/(R*)?* ={a?>+y*> #0: 2,y € R}/(R*)? = {1}, as a nonzero sum of two

real squares is always positive. And since {1} is a subgroup of {—1,1} with index 2,
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we are done. O

Lemma 3.3.5. Let G be a finite group and let H be a subgroup of G with index 2. If

9,9 € G such that g, ¢ H, then g¢' € H.

Proof. Since g € G— H, G = HUgH. Now if g¢’ ¢ H then g¢’ € gH, implying that

g € H, a contradiction. Thus, g¢’ € H. O

We now have all the information we need to prove the bimultiplicativity of the

Hilbert symbol.

Theorem 3.3.6. The Hilbert symbol is bimultiplicative. That is, for all a,a’,b,b' €

<, we have (ad’,b), = (a,b),(d’,b), and (a,bV'), = (a,b),(a,b),.

v

Proof. By the symmetry of the Hilbert symbol in Theorem 3.1.5(i), it suffices to prove
(ad’,b), = (a,b),(a’,b),. We will split this into three cases.

Case 1: (a,b), = (d’,b), = 1. By Theorem 3.1.10, a,a’ € Ny,. Since N, is closed
under multiplication, aa’ € Ny, as well. Thus (aa’,b), = 1 by Theorem 3.1.10.

Case 2: (a,b), # (a’,b),. Without loss of generality (a,b), = 1 and (d/,b), = —1.
To show (aa’,b), = —1, suppose by way of contradiction that (aa’,b), = 1. Then by
Theorem 3.1.10, a and aa’ € N, so aad’ = a*a’ € Ny,. This implies by Theorem
3.1.5(iii) that (a’,b), = (a*d’,b), = 1, which contradicts our initial hypothesis. Thus,
(ad',b), = —1.

Case 3: (a,b), = (d/,b), = —1. Then a,d’ € N;,. We want to show (ad’,b), = 1.
Since Ny, /(QX)? is a subgroup of QX/(QX)? with index 2, N,, is a subgroup of
Q) with index 2. Then since a,a’ ¢ Ny,, by Lemma 3.3.5 we have aa’ € Ny, so

v

(ad’,b), = 1. O
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3.4 Formula for the Hilbert Symbol

Using the bimultiplicativity of the Hilbert symbol, we will derive a formula for it.
Some texts use a different approach and find a formula for the Hilbert symbol before
showing its bimultiplicativity. Then the formula is proven to be bimultiplicative,
implying that the Hilbert symbol is bimultiplicative. See [4, pp. 19-22] for an example

of this alternate approach.

Lemma 3.4.1. If p is an odd prime and a € Z,, then (a,p), = (%)

Proof. First we will show that (%) = 1 implies (a,p), = 1. Suppose (%) = 1. Then
a = U mod p, and by Corollary 2.1.7, a = U in Z;. Then (a,p), = 1 by Theorem
3.1.5(i). To show (a,p), = 1 implies (£) = 1, suppose (a,p), = 1. Then there exists
z,y, 2 € L, with at least one in Z such that az’+py* = 2*. If p|z then p|(az®+py®) =
22, With this, p?|(2? — az?) = py? which implies that p|y, a contradiction since one
of z,y, or z is a unit. So it must be that x # 0 mod p. Now reducing az? + py? = 2>

2 —

mod p gives ax? = 22 mod p. This implies that a = [0 mod p, so (%) = 1. O

Lemma 3.4.2. If p is an odd prime, then (p,p), = (_71)

Proof. First we will show that (_71) = 1 implies (p,p), = 1. Suppose (_71) = 1. Then
—1 =0 mod p, and by Corollary 2.1.7, =1 = O in Z). Then (z,y, z) = (1, V—1,0) is
a solution to the equation pz? + py? = 2? and (p,p), = 1. To show (p,p), = 1 implies
(_?1) = 1, suppose (p,p), = 1. Then there is a solution to pz* + py* = 2? in Q,. This
implies that 22 + y* = pz? has a solution in Q,. And if it has a solution in Q,, then it
has a solution with =, y, z € Z, where at least one of them is a unit. Also if p|z then

ply, so we have that p?|(z? + y?) = pz®. Thus p|z, making it so that z,y,z ¢ Z;, a
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contradiction. So it must be that z # 0 mod p. Now if we reduce 22 + y* = pz? mod
p we get that 22 +y? = 0 mod p, which implies that —1 = [0 mod p and (_?1) =1 04

u—1 w—1

Lemma 3.4.3. Ifu,w € Z3, then (u,w), = (—1)"z "z .

Proof. Note that this statement is equivalent to (u,w)s = 1 if and only if u = 1 mod 4
or w = 1 mod 4. We will prove this statement by dividing it into three cases.

Case 1: Let w =1 mod 4 and w = 1 mod 4.

(i) Let u = 1 mod 8 or w = 1 mod 8. Then we have that v = 0 in Z5 or w =0

in Z5, and (u,w)s = 1 by Theorem 3.1.5(i).

(i7) Let uw =5 mod 8 and w = 5 mod 8. We will consider uz? + wy? = 22. If we let
x=1and y =2, then uz? + wy?> = 52> +5y>=5-1+5-4=25=1mod 8.
So by Theorem 3.2.4, we have proven the existence of a solution z when x = 1

and y = 2. Thus (u,w)y = 1.
Case 2: Let u = 1 mod 4 and w = 3 mod 4.
(1) Let w =1 mod 8. Then v = in Zy and (u,w)y = 1 by Theorem 3.1.5(i).

(it) Let u =5 mod 8 and w = 3 mod 8. We will consider uz? + wy? = 2%. If we let
x=1and y =2, then uz? + wy? = 52> +3y>=5-1+3-4=17 = 1 mod 8.
So we have proven the existence of a solution z when x = 1 and y = 2. Thus

(u,w)s = 1.

(ii7) Let v = 5 mod 8 and w = 7 mod 8. We will consider uz? + wy? = 2?. Again
letting x = 1 and y = 2, we get that uz? + wy? =522 +7y2 =5-1+7-4 =

33 =1 mod 8 and (u,w); = 1 as before.

Case 3: Let w = 3 mod 4 and w = 3 mod 4.



(4)

19

Let v = 3mod 8 and w = 3 mod 8. We will consider uz? + wy? = 22. If a
solution exists in Qs we can find one in Zsy that includes a unit, so we can
reduce this equation mod 8 and get 322+ 3y? = 2% mod 8. Here we can see that
if 2|z and 2|y then 2|z and none of them will be a unit. But we have that one
of them is a unit. So let x and y either be both units, or let one be a unit and
the other be a nonunit. Since the equation is symmetric with respect to x and
y, we can narrow it down to half of these cases. We let x and y run through a

set of possible values mod 8 in the table below.

2%,y | 322 + 3y? mod 8

1,1 3+3=6
1,0 3+0=3
1,4 3+12=7

Since 322 + 3y? is not congruent to any squares mod 8, we have a contradiction.

So (u,w)y = —1.

Let © = 3mod 8 and w = 7 mod 8. We will consider uz? + wy? = 2%, If a
solution exists in Q we can find one in Zs that includes a unit, so we can

2 = 22 mod 8, or equivalently

reduce this equation mod 8 and get 322 + Ty
322 = 2% 4+ y? mod 8. Here we can see that if 2|z and 2|y then 2|z and none
of them will be a unit. But one of them is a unit. So let z and y either be
both units, or let one be a unit and the other be a nonunit. Since the equation

is symmetric with respect to z and y, we can narrow it down to half of these

cases. Let z and y run through a set of values mod 8 in the table below.



(iid)

(22 4+ y%) mod 8

%EG
1

3=3
357
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Since %(22 +y?) is not congruent to any squares mod 8, we have a contradiction.

So (u,w)s = —1.

Let © = 7Tmod 8 and w = 7 mod 8. We will consider uz? + wy? = 22.

If a

solution exists in Qs we can find one in Zsy that includes a unit, so we can

reduce this equation mod 8 and get 72% + 7y* = 2% mod 8. If 2|z and 2|y then

2|z and none of them will be a unit. But one of them is a unit. So let z and y

either be both units, or let one be a unit and the other be a nonunit. Since the

equation is symmetric with respect to x and y, we can narrow it down to half

of these cases. We let z and y run through a set of possible values mod 8 in the

table below.

7Y

722 + 7y* mod 8

1,1

1,0

1,4

T+7=6
7T+0=7
74+28=3

Since 722 + Ty? is not congruent to any squares mod 8, we have a contradiction.

So (u,w)y = —1.
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From these three cases we have that (u,w)y = 1 if and only if v = 1 mod 4 or

u—1 w—1

w = 1mod 4. Thus, (u,w); =(—-1)2 = . O
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Lemma 3.4.4. Let u € Z5. Then (u,2)y = (—1)" 5

Proof. Note that this statement is equivalent to (u,2), = 1 if and only if u = 1 mod 8
or u =7 mod 8 We will prove this statement by examining two cases.

Case 1: Let u =1 mod & or u = 7 mod &.

(i) Let w=1mod 8. Then v = O in Z, and (u,2)s = 1 by Theorem 3.1.5(i).

(ii) Let w = 7 mod 8. We will consider uz? + 2y* = 2% If welet z =1 and y = 1,
then ua? +wy? = 722 +2y> =7-1+2-1 = 1 mod 8, implying that we can find

a z. We have proven the existence of a solution, meaning (u,2)s = 1.
Case 2: Let u =3 mod 8 or v = 5 mod 8.

(i) Let u =3 mod 8. We will consider uz? +2y? = z2. If a solution exists in Qy we
can find one in Z, that includes a unit, so we can reduce this equation mod 8
and get 37% +2y* = 22 mod 8. From here, if 2|z then 2|32%+2y? = 2%, implying
2|z. Then we have that 2?|x? and 22|22, so 22|2% — 32% = 2y?, implying 2|y.
This is a contradiction as at least one of x,y, 2 is a unit. So it must be that
x is a unit and 22 = 1 mod 8. We now let 2% and y? run through all possible

combinations in the table below.

22, 9% | 32% + 2y? mod 8

1,1 3+2=5
1,0 3+0=3

1,4 3+8=3
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Since 322+ 2y? is not congruent to any squares mod 8, we have a contradiction.

So (u,2)y = —1.

(1) Let u =5 mod 8. We will consider ux? + 2y = z2. If a solution exists in Qy we
can find one in Z, that includes a unit, so we can reduce this equation mod 8
and get 5% +2y* = 2% mod 8. From here, if 2|z then 2|52% +2y? = 2%, implying
2|z. Then we have that 2?|x? and 22|22, so 22|2% — 5z? = 2y?, implying 2|y.
This is a contradiction as at least one of x,y, 2 is a unit. So it must be that
x is a unit and 22 = 1 mod 8. We now let 2% and y? run through all possible

combinations in the table below.

22 y? | 52 + 2y mod 8

1,1 542=7
1,0 54+40=5
1,4 5+8=5

Since 5%+ 2y? is not congruent to any squares mod 8, we have a contradiction.

So (u,2)s = —1.

Therefore, from these three cases we have that (u,2), = 1 if and only if v =

1 mod 8 or u = —1 mod 8. Thus, (u,2); = (—1) 5 . O

Theorem 3.4.5. Let a,b € Q. If v = p is prime, write a = p™u and b = p"w for

some m,n € Z and u,w € Zx. A formula for (a,b), is given as follows.
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1) When v = oo,
+1, ifa>0o0rb>0,

otherwise.

2) Whenv=p>2,
3) Whenv=p=2,

Proof.

1) If a,b < 0 in R and ax?® + by? = 22 with z,y,2 € R, then az? + by* = 0 and
2% = 0 since az? + by? < 0 and 2?2 > 0. Since az? < 0 and by? < 0, we have az? = 0
and by> = 0. Thus x =0,y = 0, and z = 0, so (a,b)oe = —1. On the other hand, if
a > 0 or b > 0, without loss of generality suppose a > 0. Then (z,y,2) = (1,0,/a)
is a solution to az?® + by* = 2? and thus (a,b)s = 1.

2) Using Theorem 3.3.6, we can write (a, ), = (p,p);" (u, p)y (w, p);(u, w),. Now,
(p,p)p = (_?1) by Lemma 3.4.2. Also, (u,p), = (%) and (w,p), = (%) by Lemma 3.4.1.

Lastly, (u,w), = 1 by Corollary 2.1.9. Putting these all together we have

(0,0)p = (0PI (1, Y o0, ) 0 )y = (i)m (9) (E)m.

p p p

3) Using Theorem 3.3.6, we can write (a, b)2 = (2, 2)5"™(u, 2)5 (w, 2)5"(u, w),. First,

uZ—1

(2,2)3 = 1 as (1,1,2) is a solution to 222 4+ 2y* = 2%, Next, (u,2); = (—1) 5 and

w2

(w,2)y = (=1)*5 by Lemma 3.4.4. Lastly, (u,w)s = (—1)"z “= by Lemma 3.4.3.
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So overall we have

(a,b)s = (—1)"7* et bt

3.5 Hilbert Reciprocity Law on Q

Now that we have established a formula for the Hilbert symbol and shown its bimul-

tiplicativity, we will connect it to quadratic reciprocity.

Theorem 3.5.1. (Quadratic Reciprocity on Z.) Let p,q € Z™ be distinct odd primes.

Then we have the following:

(i) (Main Law) (g) (%) —(—1)FE

-1 ,
(i7) (First Supplementary Law) (—) =(-1)z.
p

2 p°—1
(23i) (Second Supplementary Law) (—) =(=1)"7=% .
p

Theorem 3.5.2. The following are equivalent:

(1) The quadratic reciprocity law.

(13) Hilbert reciprocity: for all a,b € Q* we have (a,b), =1 for all but finitely many

v and

[I(.b), =1

v

Remark 3.5.3. The bimultiplicativity of the Hilbert symbol will be very useful when

proving this theorem. To see why, consider [], (6, —10),. Since (6,—10), = (2-3,—1-
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2-5), = (2,-1),(2,2)4(2,5)4(3,—1),(3,2),(3,5),, we can check that [],(6,—10), =1
by checking that [[,(2,—1), = 1, [[,(2.2)s = 1, [L,(2,5)s = 1, [[,(3,—1), = 1,
I[,(3,2), = 1, and [[,(3,5), = 1. So we can reduce the problem down to just

checking the symbols when the inputs are primes or —1.

Proof of Theorem 3.5.2.. Since a and b can be decomposed into a product of primes
and —1, the Hilbert symbol can be split apart using its bimultiplicativity until the
only numbers in the symbols are either primes or —1. As a result, we only need to
check [],(a,b), = 1 when a and b are primes or —1. Let p and ¢ be distinct odd
primes in each case.

Case 1: [T,(~1,-1), = 1

By Corollary 2.1.9, (-1, —1),, = 1 if v is any odd prime. So we only have to check
the product for v = 2 and v = co. We will do this by using Theorem 3.4.5. We

1111

get that (—1,—1)se = —1 and (—1,—1) = (—=1)"2 ~2 = —1. Thus we have that

I[,(-1,-1), =1.
Case 2: [[,(-1,2), =1

We have (1,—2), = 1 for all v since —x? + 2y*> = 2?2 has the solution (z,y,z) =
(1,1,1).

Case 3: [, (~1,p)o = 1

By Corollary 2.1.9, it suffices to compute (—1,p), for v =2, v = p, and v = co.

—1l-1p—1

Theorem 3.4.5 yields (=1,p)os = 1, (=1,p), = (57), and (=1,p)s = (=1)72 7 =

)—(172—1)

(—1 = (—1)%. Thus [[,(—1,p), = 1 if and only if (*71) = (—1)%, the first

supplementary for quadratic reciprocity.
Case 4: [[,(2,2), =1

We have (2,2), = 1 for all v since 222 + 2y*> = 2% has the solution (z,y,z) =
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(1,1,2).

Case 5: [[,(2,p), =1

By Corollary 2.1.9, it suffices to compute (2,p), for v = 2, v = p, and v = 0.

p2—1

We use Theorem 3.4.5 and see that (2,p)s = 1, (2,p), = (%), and (2,p)g = (—1)"5 .

2 1
Thus [],(2,2), = 1 if and only if (%) — (—1)"=, the second supplementary law of

quadratic reciprocity.

Case 6: [[,(p,p)o =1

By Corollary 2.1.9, it suffices to compute (p,p), for v = 2, v = p, and v =
oo. Using Theorem 3.4.5, we get that (p,p)e = 1, (p,p)y, = (’71), and (p,p)s =
(—1)%% = (—1)2%1. Thus, [[,(p,p), = 1 if and only if (_71) = (—1)%, the first
supplementary law of quadratic reciprocity.

Case 7: T[,(p,q)o =1

By Corollary 2.1.9, it suffices to compute (p,q), for v = 2, v = p, v = ¢, and
v = 00. Using Theorem 3.4.5, we have that (p,q)e = 1, (p,q)p = (]%), (p,q)q = (g),

p—1g-—1

and (p,q)2 = (—1)"= "= Thus [],(p.q), = 1 if and only if (2)(%)(-1)"z = =1,

1

which is equivalent to (£)(Z) = (—1) 7%, the main law of quadratic reciprocity.

So by checking these seven cases we see that if Hilbert reciprocity holds, then
quadratic reciprocity holds. In particular, we showed that Cases 3, 5, 6, and 7 are
equivalent to the law of quadratic reciprocity (main law and supplementary laws).
However, we will also prove the reverse direction for completeness.

For the other direction, assume that quadratic reciprocity holds. Then (£)(%) =
(—1)172;1%1, SO (%’)(%)(—1)%1%1 = 1. Then by Lemmas 3.4.1 and 3.4.3, we have
(p,9)p(p,9)¢(p,q)2 = 1. Also, by Corollary 2.1.9, we have that (p,q), = 1 for all

vexcept v = 2, v = p, v = q, and v = co. Using Theorem 3.4.5, we have that

(p,q)s = 1. Thus, [[,(p,q), =1 for all v.
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Further, quadratic reciprocity gives us that (’71) = (—1)%1. Then by Lemmas
3.4.1 and 3.4.3 we have that (—1,p),(—1,p)2 = 1. Additionally, using Theorem 3.4.5
yields (—1,p)s = 1. So just as above, applying Corollary 2.1.9 to what we have gives

[I,(—1,p), = 1. An almost identical argument tells us that [ (p,p), = 1 as well.

p2

Finally, quadratic reciprocity also states that (2) = (—=1) = *. With this, Lemmas

2

p

3.4.1 and 3.4.4 tell us that (2,p),(2,p)2 = 1. Using Theorem 3.4.5, we have (2, p) =
1. So once again, using Corollary 2.1.9 here gives us [[,(2,p), = 1.

Altogether, using what we showed above and what we showed in Cases 1, 2, and

4, we have shown that quadratic reciprocity implies Hilbert reciprocity. So overall we

now have that Hilbert reciprocity is equivalent to quadratic reciprocity. O



Chapter 4

The Hilbert Symbol on Q(¢);

4.1 Primes in Z[i] and completions of Q(7)

Here we will define the notion of primality in Z[i]. These primes will used to construct

completions of Q(7), just as primes in Z were used to construct completions of Q.

Definition 4.1.1. The norm of a Gaussian integer o = a + bi is denoted by N(a) =

a’® + b2.

Definition 4.1.2. A Gaussian integer m = a + bi with a,b € Z is a Gaussian integer
prime if 7 is not 0 or a unit or the product of two nonunits. Further, we define

a € Zli] to be odd if N(«) is an odd number.
Theorem 4.1.3. Up to multiplication by units, the primes in Z[i] are:
(1) 1414,
(1i) w € Z[i] such that 7 = p where p is a prime integer such that p = 1 mod 4,

28
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(i1) p € Z" such that p is prime and p = 3 mod 4.
Proof. See [1, p. 33, Theorem 9.9]. ]

Remark 4.1.4. Any primes in Z" that are congruent to 1 mod 4 are not prime in
Z[i]. For example, 5 = (1 + 2¢)(1 — 2¢) is not prime. Also, 2 is not prime in Z[i] as
2=(1+1i)(1—1).

Definition 4.1.5. Let m € Z[i] be a Gaussian integer prime. Define the 7-adic
valuation on Z[i] to be the function v, : Z[i{] — {0} — R such that for each o €
Z[i] — {0}, vx(a) is the unique positive integer satisfying a = 7¥=(*)a’ where 7 { o.
Furthermore, we extend v, so that for a = % € Q(i)* with g,y € Z[i] — {0}, we have

vr (@) = v (8) — ve(7y). Lastly, we set v,(0) = co.

Remark 4.1.6. The uniqueness of the exponent v, («) relies on unique factorization

in Z[i].

Definition 4.1.7. Let m be a Gaussian integer prime and let v € Q(i). We define

the m-adic absolute value on Q(i) as follows:

(3@, ifa#0,

|l =
0, if a =0.

Example 4.1.8. Consider the Gaussian integer prime 1 + 2i. We will calculate

125]142;- Since 25 = 5% = (1 +20)*(1 — 2i)* and 1 4 2i {1 — 2i as {55t = =4 ¢ Z[i],

we have that v149;(25) = 2 and |25|149; = 55 = 5=.

Example 4.1.9. Now we will calculate | — 30 + 40i|;42;. Since ‘(ffr‘gf)gl =2 — 47 and

2 — =88 ¢ 7[i], we have that v49;(—30+40i) = 3. So, |=30+40i|142; = 55 = 735
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Example 4.1.10. Consider the Gaussian integer prime 3. It has norm 9, so [6+3i|3 =
13(2+1i)|3 = (3)' = 3. In particular, for a € Q, its 3-adic size in Q(i) is the square

of its 3-adic size in Q: |alsqu) = |of3.q-

Just as Q, is a completion of Q with respect to the absolute value | - |, with p
prime, we can construct Q(i),, a completion of Q(i) with respect to the absolute
value |- |, for a prime Gaussian integer 7. We will define the Hilbert symbol on Q(i)
in the exact same way that we defined it on Q,,, and it will have all of the same basic
properties of the Hilbert symbol on Q, stated in Theorem 3.1.5. In addition, we will

state a version of Hensel’s lemma specific to Q(7).

Theorem 4.1.11. Let a € Q(i)* where 7 is a Gaussian integer prime. Then o can

be written uniquely in the form

Oé:b_noﬂ-_no+"'+bo+b1ﬂ-+b2ﬂ-2+"'+bn7rn+"': Z bnﬂ'n

n>—ng

with each b; lying in a set of representatives for Z[i|/mZ|i] (including O as the repre-

sentative of 0), and —ng = v, (z).

Definition 4.1.12. The ring of 7-adic integers is Z[i], = {a € Q(i), : |a|, < 1}. In

particular, the units of Z[i], are Z[i]* = {a € Q(i)5 : |a|r = 1}.

Theorem 4.1.13. Let w be a Gaussian integer prime. For n € Z such that n > 1,

the natural ring homomorphism Z[i] < Z[i|, induces a ring isomorphism

Z[i] /7" Z]i] — Zi]; /7" L[i] 5.
Theorem 4.1.14. Let « € Z[i] such that o # 0. Then #(Z[i]/aZ[i]) = N(«).

Proof. See [1, pp. 21-22, Theorem 7.14]. O
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Remark 4.1.15. For any odd prime Gaussian integer 7, we have that Z[i|/7Z[i] is
a finite field of odd order.

Theorem 4.1.16 (Hensel’s Lemma). Let f(z) = ag + a1x + - - - + a,z™ be a poly-
nomial whose coefficients are in Z[i|,. Suppose that there exists a m-adic integer
ag € Zli], such that

f(ap) =0mod 7

and

I () # 0 mod T,

where f'(z) is the derivative of f(x). Then there exists a unique m-adic integer o €

Z[i]; such that « = ap mod 7 and f(a) = 0.

Corollary 4.1.17. Let m be an odd Gaussian integer prime and let u € Z[i|X. Then
w =0 1in Z[i], if and only if u =0 mod 7.

Proof. Since Z[i|,/7Z[i], is a finite field of odd order, the proof is exactly like that

of Corollary 2.1.7. O

Lemma 4.1.18. Let w be an odd Gaussian integer prime. Further, let a,b,c € Z[i]X.

Then there exist x,y € Z[i),/7Z[i], such that az* + by* = ¢ mod .

Proof. Once again, since Z[i|,/7Z[i], is a finite field of odd order, the proof is just

like proof of Lemma 2.1.8. O]

Corollary 4.1.19. Let 7 be an odd Gaussian integer prime and let a,b,c € Z[iX.

Then the equation az® + by* = ¢ has a solution with x,y € Z[i].

Proof. We have that Z[i|,/7Z][i]. is a finite field of odd order, so this proof is just

like the proof of Corollary 2.1.9. O]
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4.2 Hilbert Symbol on Q(i);,

The completions of Q(i) are denoted by Q(i), where v is a place, either a Gaussian

prime 7 or co. Here we have one infinite prime, oo, and Q(i), = C.

Definition 4.2.1. For any a,b € Q(¢)), the Hilbert symbol of a and b relative to

Q(1), is defined as

+1, if ax? 4+ by? = 2% has a solution in Q(4)? besides (0,0, 0),
(a,b), =

—1, otherwise.

Remark 4.2.2. Since we can multiply the equation ax? + by? = 2? by any nonzero
square without changing its solvability, for v # oo if there is a solution to ax? +by? =
2? with x,y, 2 € Q(i), not all zero, then there is a solution with z,y, 2z € Zli], and =,

y, or z in Z[i]*.

Example 4.2.3. We will compute (2,3),. Consider the equation 2z% + 3y* = 22

for x,y,z € Q(i),. This equation has the solution (x,y,z) = (i,1,1). And since

i,1 € Q(7), for all v, we now have that (2,3), = 1 for all v.
Theorem 4.2.4. Let a,b,c € Q(i)}. We have

(i) (a,b)0 = (b,a)y and (a,?), = 1,

(ii) (a,—a)y = (a,1 —a), =1,
(¢ii) (a,b), = (ac®,b), = (a,bc?),

Proof. The proof is the same as the one for Theorem 3.1.5. [
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Lemma 4.2.5. Let a,b € Q(i)oo = C*. Then (a,b)o = 1.

Proof. Since every complex number is a square in C, we have that a and b are squares.

Thus, (a,b)s = 1 by Theorem 4.2.4 (i). O
Definition 4.2.6. For b € Q(i)X, set Ny, = {a? —by* #0: z,y € Q(i),}

Theorem 4.2.7.

(i) For allb € Q(i)X, Ny, is a subgroup of Qi) and (Q(i))* C Ny, C Q(i).
(i) Ifbe (QUN), then Ny = Q).

Proof.
(i) The proof is the same as the one for Theorem 3.1.7.
(ii) Same as the proof in Theorem 3.1.8.
O

Remark 4.2.8. We will see in Theorems 4.4.1 and 4.4.2 that if b € Q(i) and

b ¢ (Q(i);)?, then Ny, # Q(i);.
Theorem 4.2.9. For a,be€ Q(i)}, (a,b), =1 if and only if a € Ny,

v

Proof. The proof is the same as the one for Theorem 3.1.10. ]

4.3 Square Classes

In this section, we will find a list of square class representatives of Q()* for each
Gaussian prime 7. The methods we use to do this will be very similar to the ones

used when finding square class representatives for Q.
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Theorem 4.3.1. Let w be an odd prime Gaussian integer and let r € Z[i]} such that

™

X

r Z O mod 7. A complete set of square class representatives for Q(i)x is {1,r,m,rr}.

™ ™

Proof. Since Q(4)* = 7% x Z[i]* and (QX)? = n°% x (Z[i]*)?, we have

72 x Z[i]* nZ Z[i]*

Q(Z):/(Q(Z);) = 122 (Z[ZLXF)Q = YRS (me>2'

Since :TZZ depends only on the parity of the power of =, it is represented by {1,7}.
Also, Z[i|./7Z]i], = Z[i]/7Z]i] is a finite field of odd order, so its nonzero squares
are a subgroup of index 2 in the group of all nonzero elements. So Z[i]*/7Z[i]} is

represented by {1, 7} where r # [0 mod m, just like in the proof of Theorem 3.2. Thus,

Q1) % /(Q(i)X)? is represented by {1,7} x {1,r} = {1,r,7,r7}. O]

In order to classify the square class representatives for Q(4)14;, in a way analogous

to Q2, we will need a more general form of Hensel’s lemma.

Theorem 4.3.2. Let f(z) = ap + a1z + -+ + a,a2™ be a polynomial in Z[i|14]z].

Suppose that there exists a (1 + i)-adic integer g € Zli]14; such that

[f (@) 14s < | (0)li

Then there exists a unique (1 + i)-adic integer o € Zli]14; such that f(a) = 0 and

o — ol < [f'(c0)l-
Proof. See [2, pp. 1-3, Theorem 1.4]. O

We will now do an example using this form of Hensel’s lemma to determine an
m > 1 such that all elements of 1+ (1 +4)™Z[i];4,; are squares, just as we determined

all elements of 1 + 8Z, are squares in Z; .
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Example 4.3.3. We will examine the polynomial f(z) = 2®—u where u € Z[i];,;. We
want to use 1 as an approximate root. For this, we want |f(1)|14; < |f'(1)|{,;, which
is equivalent to |u—1|14; < |2|2,; = |14i|i,,;. This is equivalent to u = 1 mod (1+17)°.

So Hensel’s lemma tells us that if w = 1 mod (1 4 4)°, then w is a square in Z[i]},,.

It is important to note that this condition does not hold in the reverse direction.
For example, —1 = [0 in Q(4);4; but —1 # 1 mod (1 + 4)°. However, this example
does imply that if we want a multidirectionial statement regarding unit squares in
Q(7)144, it would be enough to examine units mod (1 +4)°: if v = v mod (1 + 4)®
then 2 =0, sou=0 <= v="01.

Since we’'ll be using 1+ a lot, let 7 = 1 +i. To compute unit squares mod 75,
we can look at numbers of the form 1 + a7 + b7 + 72 + d7* where a,b, ¢, d € {0, 1}.
Now we will square each of these mod 7°. This information is in Table 4.3.1.

It is useful to note that 7° = —4 — 44, so 4i = —4 mod 7°. Additionally, since

6

8 = i7%, we have —4 = 4 mod 7° and integers only matter mod 8 when we consider

them in Z[i], /T°Z[i],.
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abed | (1+ar+br*+cr® +dr*)? mod 7°
0000 1

0100 —3+4i=-3+4=1
0010 —3—4i=-3+4=1
0001 9=1

0110 —-15-8i=-15+8=1
0101 5—121=5-12=1
0011 21-200=5-20=1
0111 9-400=9=1
1000 3+4i=3-4=-1
1100 —5+4+12i=-5+12= -1
1010 -9=-1

1001 3—4i=3-4=-1
1110 —25=-1
1101 —5—-121=-5+12= -1
1011 T+24i=7+24=-1
1111 -9 —40i = -1

TABLE 4.3.1: The 16 unit squares of Z[i],/7°

From these calculations, we have the following theorem.

Theorem 4.3.4. Let u € Z[i|*. Then u is a square in Q(:)* if and only if u =

+1 mod 7°.

Proof. Let w € Z[i]*. First suppose v = z? in Q(:)*. Then |z|2 = |u|, = 1, so

T

* if and only if u is a square in Z[:]*, which

T

x € Z[i]*. Thus, u is a square in Q(7)
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is equivalent to w = O mod 7°. By Table 4.3.1, if u € (Z[i]X)?, then u = +1 mod 7°.
On the other hand, if v = +1 mod 7°, then u € 1+ 7°Z][i], or u € —(1 + 7°Z[i],) =
i*(1 4 7°Z[i],). Since all elements in 1+ 7°Z[i], are squares by Example 4.3.3, u is a

square in Q(4)”. O

Here is a list of several numbers in Z[i], and their T7-adic expansions mod 75. We

will be using this list to help simplify modular congruences later in this section.

Number | 7-adic expansion mod 7°
-1 1+72 473 + 7
i l+7+72+73+ 74
—1 1+74+7 471
2 2+ 73

TABLE 4.3.2: The 7-adic expansions of some numbers mod 7°.

We will now construct a table of the 16 units in Z[:],/7°, paired up to multiplica-

tion by —1 in each row.
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1 —1=14+72+72+7"mod 7

1+71 —(1+7)=14+7+7*mod 7°

1472 —(1+7)=1+7+7"mod 7°

1473 ~(1+7)=1+72+7"mod 7°

1474 —(1+7™) =1+72+73mod 7°
1+7+73 —(1+7+7)=1+7+72+ 7 mod 7°
1+7+72 —(1l+7+m™ =1+7+72+7"mod 75

I+74+m34+7 | -(l+7+3+)=1+7+72+7 + 7 mod 7°

TABLE 4.3.3: The 8 units of Z[i], /7> up to multiplication by +1.

We are now ready to list square class representatives of Q(i)x.

Theorem 4.3.5. The 16 square classes of Q(i) are represented by
L,y x{,1+r1+22 14+ 214+ 147+ 147+ L+ 2+ )

Proof. We have that
72 x Z[i]*

QU /@) = a7 gy

As in Theorem 4.3.1, ;—ZZ is represented by {1,7}. Also, from Tables 4.3.1 and 4.3.3
we see that {11+ 7,1+ 721+ 1+781+ 74+ 1+7+74147+7 + 7}
vepresents Z[i]% /(Z[i})%. Thus, Q() /(Q()3)? = {1, 7} x {1, 147, 1472, 1475 1+

e R e R S S Sk A N 9 O
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4.4 Bimultiplicativity of the Hilbert Symbol over
Q1)

Here we will prove the bimultiplicativity of the Hilbert symbol over Q(%),, in the same
manner in which we proved it for the Hilbert symbol over Q,. We will show that the

square classes of norms from the quadratic extensions of Q(7), are each a subgroup

of Q(i)X/(Q(i))? with index 2.

Theorem 4.4.1. Let 7 be an odd prime Gaussian integer and let d be a nonsquare in
Q(i)*. If Ly = Q(i)=(v/d), then the group of norms N(LY) = {a* —dy> # 0: x,y €
Q(7)x} is a subgroup of Q(i)X with index 2.

™

Proof. 1t suffices to prove this statement for d = r 7w, rm where r € Z[i]* and
r Z O mod 7, so we will break this proof into 3 cases. For any d # [J, we have
(Q()X)? € N(Ly) € Q(4) and |Q(i)X/(Q(4)})?| = 4. So it suffices to find an ele-
ment of Q(z) that is not in N(L}) and an element of N (L)) that is not in (Q(z)X)?.

™

Then N(L}) is strictly between Q(i)X and (Q(7)X)?, so its index is 2. First off, the

equation 22 — dy? = d always has the solution (z,y) = (0,4), so for all d # J, we have
(Q()X)* € N(L}). It remains to show N(L}) € Q(7).

Case 1) Let d = r. Suppose the equation 2> — ry*> = 7 has a solution in Q(i).

2 —ry? = m2? with z,y,2 € Z[i], and at least one is

Clearing denominators gives x
a unit. Now if we had that 7|z, then we would have that 7|(z* — 72%) = ry*. This
would mean that 7|y, which would imply that 7|z. This would be a contradiction
as x,y, and z would all be non-units. A similar situation would arise if we originally

let 7|y. So we must have both x and y in Z[i]*. Now we can reduce mod 7 to

get 22 — ry?> = Omod 7. Then 2? = ry? mod 7 and y # 0 mod 7, implying that
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r = [J mod 7, which is a contradiction.

Case 2) Let d = m. To show r ¢ N(LJ), suppose 2> — my* = r for some x,y €
Q(i). By clearing denominators, we get x? — 7y? = rz? for x,y,z € Z[i], and at
least one is a unit. If x is not a unit, z and y also are not units, a contradiction. Thus
z € Z[i]¥. Reduce mod 7 to get x? = rz% mod 7, which implies that r = [ mod T,
which is a contradiction.

Case 3) Let d = rm. To show r ¢ N(L}), suppose z* — rry* = r for some z,y €
Q(i)5. By clearing denominators, we get 22 —rny? = rz? for z,vy, 2 € Z[i], and at least
one is a unit. We must have z a unit, so z must also be a unit, or else z,y, z ¢ Z[i]}.
Reduce mod 7 to get 22 = r2%2 mod 7, which implies that » = 0 mod 7, which is a

contradiction. O
Now we will show that every norm subgroup of Q(7)* has index 2.

Theorem 4.4.2. Let 7 = 1+ ¢ and let d be a nonsquare in Q(i)*. Set Ly =
Q(i),(V/d). Then the group N(L}) = {x*> —dy*> # 0 : z,y € Q(i),} is a subgroup of
Q(2)* with index 2.

Proof. Tt suffices to let d run through the square classes in Q(4)X. Since (Q()X)? C

N(L}) € Q(i)X and Q(i)X/(Q(:)X)? has order 16, N(L}) has index dividing 16 in
Q(i)X. Our strategy will be to first find an element of Q(7), that is not in N(L}).
This will show that the index of N (L) is less than or equal to 8. Next we will find 8
elements of Q(7) that are in N (L) and are in different square classes, showing that
the index of N(L}) in Q(4)) is exactly 8. Since there are 15 cases to check, we will
only showcase four of them here, two where d is a unit and two where d is a non-unit.

Case 1) Let d = 1 + 7. First, we will show that 1 + 72 ¢ N(L}) using our

knowledge of the unit squares in Z[i],/7°Z]i],. Since the unit squares are +1 mod 7°,
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representatives for the set of all squares mod 7° are {0, =1, 7%, 71}. (Note that listing

4= 7" mod 7°.) Now we will show that there are no

+74 would be redundant, as —7
solutions in Q(7), to %> — (1+7)y* = 1+ 72 by viewing it as (1+7)y*+ (1+72)2? = 22
with z,y, z € Z[i],; and at least one is a unit. Since the coefficients of the square terms
are units, if there exists a solution (z,y, z) in Q(7), that is not (0, 0, 0), then there must
exist a solution where x,y, z € Z[i], and at least one is a unit. Furthermore, if one
variable is a unit, then exactly one of the other two variables is also a unit. If not, there
would be a contradiction when the equation is reduced mod 7, as 1 + 1 # 1 mod 7.
From this, we can conclude that either both y,z € Z[i]* or one of them is a unit
while the other is not. With this knowledge, we can plug in all possible combinations
for y* and 2% mod 7°. We do this in the table below. (Note: Several redundant cases

are omitted from the table since we can ignore overall sign changes on squares as

—1=42)
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vy, 2 mod 7° | (14 7)y* + (1 + 72)2% mod 7°
1,1 TH+247l=74+3 474
1,—-1 rT—rl=74+724+74
1,0 1+7
1,72 l+7+72+7
—1,72 —1l—74724+71t=1471
1,7 1+74+74
0,1 1+ 72
7'2,1 1+ —irt=1+4+73+ 74
72, -1 1+ =1+72+7
1 1+ 72474

TABLE 4.4.1: Possible values of (1 +7)y? + (1 +72)2% mod 7°.

From the above calculations, we can see that none of the unit entries in the right-
hand column are +1 mod 7° and none of the non-unit entries are divisible by an even
power of 7. Therefore, we have a contradiction and 1+ 7% ¢ N(L7, ).

Now that we have shown that N (L]

1)/ (Q(i))?* does not have order 16, we will find

8 of its elements and then conclude it must have order 8. It is clear that 7 and 1+ 7
are norms (i.e. of the form x? — (1 + 7)y?) using (z,y) = (4,4) and (0,4), respec-
tively. Also, 1 + 7% is a norm since (z,y) = (1,i7?) gives 12 — (1 + 7)(i7%)? =
1+7+7° =1+ 7 modr°. With this, 7{0% x (1 4 7){01 x (1 4 7H0} =
{Li+r 1+ 1+ 7+ 1,7+ 75 7+ 7%, 7+ 72+ 7°} gives us eight different square

class representatives of Q(i)X/(Q(i)})? that are elements of N (L7, )/ (Q(i))>.

T
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Case 2) Let d = 1+ 73. Similar to the previous case, we will show that 1 + 7 is
not a norm by showing that the homogenized equation 2% — (1 + 73)y* = (1 + 7)2>
when z,y, z € Z[i], has no solution with z,y, or z in Z[i]*. Assume there is such a
solution. Since the coefficients of all the square terms are units, reduce this equation
mod 7° and plug in all combinations of y? and z?> mod 7°. We do this in the table

below. We can ignore overall sign changes since —1 = 2.

y3 22mod 7° | (1+73)y? + (1+7)2> mod 7°
1,1 2474+ =74172
1,—1 T4+ =747
1,0 1+73
1,72 1+72+23=1+12
—1,72 —14+72=1+4+7
1,7 1+ +ri4+ =143+ 74
0,1 1+7
72,1 1474+ 4+ =147+ 72
72, -1 —1l—74+724+=1474+72
1 1474+ +7"=14+7+74

TABLE 4.4.2: Possible values of (1 +73)y? + (1 +7)2% mod 7°.

From the above calcuations, we can see that none of the unit entries in the right-
hand column of Table 4.4.2 are +1 mod 7° and none of the non-unit entries are
divisible by an even power of 7. Thus, they cannot be squares, so 1 4+ 7 is not a
norm in Lyi,s. So N(Ly, 5)/(Q(i)7)* has order at most 8 and we will now find 8

elements. Since 1+ 7% = 22 — (14 7%)y? using (z,y) = (0,4), 1 + 72 is a norm. Using
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(z,y) = (1,i7%) in 22 — (1 +7%)y? gives 1 + 7"+ 77 = 14+ 7" mod 7°, so 1+ 7% is also
a norm. Lastly, using (z,y) = (1,1) yields —73 = (i7)?(7), so 7T is also a norm. From
this, (14+73)080 x (14700 x (D)0 = {11473 1474 71472 7474, 7470, 74730
gives us eight norms that are also different square class representatives.

Case 3) Let d = 7. We will show that 1 + 72 is not a norm by showing that
the homogenized equation ? — 7y* = (14 7%)2% when x,y, 2z € Z]i|, has no solution
with z,y, or z in Z[j]*. Assume there is such a solution and reduce the equation

2=2>mod 7. If z = 0mod 7, then z = 0 mod 7, meaning that

mod 7. This gives x
y = 0mod 7 and x,y,2 € Z[i]*. So we must have that x and z are units. Thus z?
and 2?2 are both congruent to 1 mod 7° and we can construct the table below. Once

more, we can ignore overall sign changes.

22 z2mod 7° | 2% — (1 +7%)2? mod 7°

1,1 —r?2=7r247

1,-1 24+ 2= 474

TABLE 4.4.3: Possible values of 22 — (14 72)22 mod 7°

Using these calculations, we see that if we divide each of the entries in the right-
hand column of Table 4.4.3 by 7, none of them will be squares. Thus, 1 + 72 is not
a norm from L,. So N(LX)/(Q(%)X)? does not have order 16. We will now find its
eight elements. We have that 7,1+ 7, and 1 + 73 are norms, or of the form 2% — 792,
using (z,y) = (0,4), (1,4), and (1,i7), respectively. From this, 711} x (1 4 7){01} x
A+HO00 = 1+ 1+ v+ r 4+ L+ T T2 7 70 gives
us eight norms that are also different square class representatives.

Case 4) Let d = 7+ 72. We will show that 14 7% ¢ N(L, ) by analyzing the
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2 in a similar manner as the previous case. If

equation 2% — (7 + 72)y? = (1 + 79)z
the equation is solvable, then without loss of generality there exists a solution with
x,y, z € Z[i], and at least one being a unit. Just like the previous case, r and z must

be units. Using this knowledge and Table 4.3.2, we construct Table 4.4.4.

22 z2mod 75 | 2% — (1 +73)2% mod 7°

1,1 —m3 =3

1,—1 24 73 =72

TABLE 4.4.4: Possible values of 22 — (1 4+ 73)22 mod 75

If we divide each entry in the right-hand column of Table 4.4.4 by 7 + 72, the
resulting numbers will not be squares. Therefore 1+ 73 is not a norm from L., ,». On
the other hand, 7+7%, 7, 7+ 72+ 7% = 22 — (7 + 72)y? using (z,y) = (0,4), (i7,4), and
(72,4), respectively. So, (7 + )00 x ()W x (7 + 22+ HOU = {1 7472 77+
24741+ 7,1+ 7+ 737+ 731+ 72} gives us eight norms that are also different
square class representatives.

In the table below, for each nontrivial square class representative d we list an
element of Q(7)* not in N(L;) and three elements ¢,t, and t3 in N(L}) whose

images in Q(i)X/(Q(7)*)* = F3 are linearly independent, so they generate a subgroup

of order 8.
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d Non-norm ty,t9,t3
1+7 1+ 72 7, 1+7, 1+ 74
1+ 72 1+7 1+7% 1473 7472
1+7? L+7 L+7% 147 1+7+7°+ 74
1+ 7 T 1+74 1 +72 14+ 7+73
1+74+73 1+7 1+74+73, 7+712, 7473
147474 1472 1+7+74 1+7, 7+ 7

1+7+7m3+74 1+71 1—|—7’—|—7‘3—|-7'4,1—|—7'+7'3,7'—|-T5

T 1+ 72 r1+71, 1473
T+ 72 1+ 73 T+7 T, T2+t
T+ 73 1+7 T+7, r+7 T4+
T+ 7 147 T+ 1+7+7h T
T+ 75 1+ 72 T+7, 1471, 74+ 73
T4+ 7247 1+7 T+ T+ T4 12
T+T724 70 1+7 | 7+724+75, 7475, 7+72 470+ 70

T+ 405 147 | r4+724+7 S, r 4+, 240

TABLE 4.4.5: Each N(L})/(Q(i)X)? has order 8.

]

Example 4.4.3. We will find a set of representatives for the eight elements of

N(Ly, .)/(Q(i)7)?. By Table 4.4.5 we have that 1,1 + 741+ 73147+ 7% €
N(L;y, 4)/(Q(i)7)?. Now we will find the other four representatives.

We have (1 +7)(1+72) =1+ +7*+70=14+72+7" = —(14 7%) mod 7°.
Thus 1+ 7 € N(L*_.)/(Q(0)X)".
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We also have (1+7*)(1+74+7) = 147+ 7 +744+7°+7" = 1+7+7°+7* mod 7°.
So 147+ 7%+ 74 € N(Li_4)/(Q(i)})*.

Since (14+7)(14+7+7) =147+ 42+ =1+7+7*= —(1+7) mod 7°,
we have that 1+7 € N(L_.)/(Q(i))*.

Lastly, we have (1 +7)(1+7)(1+7+7) =1+7+ 72 4+23 + 71 +27° + 77 =
147+ 4+71=-1+7+7) mod 75 Thus 1 +7+ 711 € N(LIX+T4)/(Q(2')$)2.

Overall we have that N(Ly, .)/(Q(:)})? is represented by
{L1+7n1+72 1+ 1471+ 7+ 7 1+ 7+ 7 1+ 7+ 70 + 7'}

Theorem 4.4.4. The Hilbert symbol on Q(i), is bimultiplicative. That is, for all
a,a’ bt € Q(i)x, (ad',b), = (a,b),(a’,b), and (a,bd), = (a,b),(a,t'),.

v

Proof. By Lemma 4.2.5, we have that (a,b), = 1 for v = 0o for all a,b € Q(i)% = C*.
Thus the symbol is trivially multiplicative for v = co. For all other places, the proof

is the same as the one for Theorem 3.3.6. OJ

4.5 Q(Z)T - QZ(Z)

We will now work towards showing that Q(7), = Qa(¢). This fact will be useful for

us in the next section.

Lemma 4.5.1. We have that Qa(i) C Q(i),. Further, let a,b € Qa. Then |a+bi|, =

|a2 -+ b2’2.

Proof. In Zli], we have 2 = —it%, so v,(2) = 2. Thuson Q, |- |, = |- |3. As a result,

a sequence in @Q is T-adically Cauchy if and only if it is 2-adically Cauchy. Therefore
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Q2 C Q(i),, so Qa(i) C Q(i),. Now let a,b € Qz. We want to show that

la + bil, = |a® + b%|s.

This is clear if @ = b = 0, so assume that a # 0 or b # 0. For r € Q, we have that
|(ra) + (rb)il, = |r|,|a + bil, = |r|3la + bi|, and |(ra)? + (rb)*|2 = |r|3|a® + b?*|. So
without loss of generality, we can consider a,b € Zs, and we can factor out the largest
power of 2 common to a and b. Thus we can let @ or b be odd (that is, in 1 4 2Z,).
If exactly one is odd, then a + bi = 1 mod 7, so |a + bi|, = 1. We also have that
a® + b? is odd, so |a® + b*|; = 1. On the other hand, let both a and b be odd. We
have that a +bi = 1 +i+ (a — 1) + (b — 1)i. Since (a — 1) + (b — 1)i is divisible
by 2 = —i7?, we have that 7 divides 1 +4 + (a — 1) + (b — 1)i exactly once. Thus
la+bi|; = %. Lastly, since a® and b? are unit squares in Z,, by Theorem 3.2.4 we have
that a? = b> = 1 mod 8Z,. So a?+b? = 2 mod 8Z,, implying 2 divides a? + b? exactly

once. Thus |a? + b?|; = . So in both cases we have that |a + bi|, = |a® + b?[,. O
Lemma 4.5.2. Leta,b € Qy andn > 1. Ifa®>+b*> = 0 mod 22", then a,b = 0 mod 2".

Proof. We will prove this by induction. For the base case, suppose n = 1 and assume
that a* + b*> = 0 mod 4. Working modulo 4, the only solutions to this are (a,b) =
(0,0),(2,0),(0,2), or (2,2). In each case we have that a,b = 0 mod 2, so our base
case is done. For the induction case, assume that if a® + b? = 0 mod 22", then a,b =
0 mod 2". We must show that if a® + b* = 0 mod 22"tV then a,b = 0 mod 2"*1.
Assume a? + b* = 0 mod 22("+1) = 227+2 Then we have that a® + b = 0 mod 22",
By our induction hypothesis, this means that a,b = 0 mod 2". Then we can write

a = 2"a' and b = 2"V’ for some a',V’ € Zy. Then a® + b* = 22"((a')? + (V')?), and we
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have that 22"((a’)?+ (V)?) = 0 mod 2>**2. This implies (a’')?+ (V')> = 0 mod 4. Then
by our base case, we have that a’, b = 0 mod 2. Thus a,b = 0 mod 2"*!, H

Lemma 4.5.3. The sequence {a, +b,i}>>, in Qa(i) is T-adically Cauchy if and only

if the sequences {a,}22, and {b,}>° in Qo are 2-adically Cauchy.

Proof. For the forwards direction, assume {a,, +b,i}°°, in Qa(¢) is 7-adically Cauchy.
Then given € > 0 we can find k£ € N such that 2% < g. Since the sequence is Cauchy,

there exists N € N such that for n,m > N we have
(@ Abni) = (m +0m) | = (@ =) + (bn = bin)il> = [(@n = am)* + (bn = bm)?[o < o5

From this we have that (a, — a,,)* + (b, — by)? = 0 mod 2%, and by Lemma 4.5.2
we have that a, — a,, = 0mod 2* and b, — b,, = 0 mod 2¥. This implies that
|y, — amls < 55 < € and |b, — by |o < 55 < &, so we have that {a,}2; and {b,}52, in
Q. are 2-adically Cauchy.

For the other direction, assume that {a,}:2, and {b,}°, are 2-adically Cauchy
sequences in Q. Then given ¢ > 0 there exists N € N such that for n,m > N we

have |a, — ay|2 < v/ and |b, — by|2 < v/2. Then we have

[(an — am) + (bn — bp)il> = |(an — am)z + (bn — bM)2’2

< maz(|(an — an)?l2, |(by — b)?|2) < maz(vE",VE) =€,

where the first inequality results from the strong triangle inequality. Thus {a, +

byi}> | in Qo(7) is T-adically Cauchy. ]

Lemma 4.5.4. Let a,b € Qy and define the absolute value | -| on Qa(i) by |a+ bi| =

la® + b%|5. Then Qu(i) is complete with respect to the absolute value | - |.
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Proof. To start, we will show that | -|: Qa(i) — R defined by |a + bi| = |a® + b?5
for a,b € Qs is an absolute value. First we will show that |a 4 bi| = 0 if and only if
a+ bi = 0. For the forward direction, assume that |a + bi| = |a® + b*|; = 0. Since
| - |2 is an absolute value, we have that a* 4+ b? = 0. Now we must show that this
implies a = b = 0. Suppose by way of contradiction that a®+*> = 0 and a # 0. Then
b? = —a?, which implies that —1 = (2)?> = O in Q, a contradiction. Thus a = 0.
This implies that b = 0, so a+ bt = 0. For the other direction, assume that a+bi = 0.
Then a =b =0, so a®* + b* = 0 and |a + bi| = |a® + b?|, = |0] = 0.

Next we will show that for a, f € Qa(i) we have |af| = |a||5]. Since the norm
function N : Qu(i) — Qg defined by N(a + bi) = a® + b? is multiplicative, we have

that

B8] = [N(aB)]2 = [N(a)N(B)l
= [N(a) 2| N(B)]2

= |allB].

Here we used that | - |5 is multiplicative, as it is an absolute value.

Lastly, we will show that for o, # € Qa(i), we have |o + 5] < maz(|al,[B]). If
a =0 or # = 0 this inequality is clear, so assume « # 0 and 8 # 0. Without loss of
generality assume |a| < |5]|. We want to show that |a + | < max(|«|, |5]), which is
true if and only if [ + 1| < maz(|§[,1) = 1. So it suffices to show that for 7 € Qa(2),
if || <1, then |y + 1| < 1. Write v = x + yi for some z,y € Qy. We will first show
that if |z +yi| < 1, then |z|, < 1 and |y|o < 1. Assume that |z + yi| = |22 +y?|, < 1.
Then suppose by way of contradiction that |z]; > 1 or |y|s > 1. Then we have two

cases: |x|y # |y|2 and |z|y = |y|2. For the first case, assume without loss of generality
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that |z]o > |ylo. If |z]2 # |yla, then [22]2 # |y?]2, so |22 4+ y?| = maz(|2?|s, [y?]2).

Since |z% + y?|s < 1 by assumption, we have that |z|3 < 1, a contradiction. For the

second case, assume |z]y = |y| > 1. Then we can write z = 5% and y =

i

5w where u

and v are in Z5 and n € Z*. Then 2* +y? = 5= (u* +0?). But v* = v? = 1 mod 8Z,
by Theorem 3.2.4, so u* + v? = 2 mod 8Z,. Thus vy(u? + v?) = 1, implying that
|z +yil, = |22 +y?2 = 3|z]3 > £ -4 =2 > 1, a contradiction. So both cases lead to a
contradiction, implying that |z|]s < 1 and |y|s < 1. Now we will show that if |y| < 1,
then |y + 1| < 1. Suppose that |y| = |z +yi| = |#* + 3?2 < 1. Then by what we have
just shown, |z]s < 1 and |y|» < 1, implying that z,y € Zy. From this, 22+y*+22r+1 €
Zy as well. Then, [y + 1| =z +1+vyi|=|(z+ 1)+ ¢} = |22 + 9>+ 2z + 1|, < 1.
Thus we have shown that for a, € Q2(i) we have |a + 8] < maz(|al, |8]). So |- | is
an absolute value.

Now we will show that Q(7) is complete with respect to |-|. Let {a, +b,i}5°, be
a Cauchy sequence in Qa(7). Then by Lemma 4.5.3, {a,,}>°, and {b,}3>, are Cauchy
sequences in Q,. Since Qs is complete, there exist a,b € Qy such that a, — a and
b, — b. We will show that the Cauchy sequence {a, + 0,1}, in Qo(i) converges
to a + bi € Qa(i). Given € > 0 there exists N € N such that for n > N we have

la, — aly < /¢ and |b, — bl < y/e. Then we have

[(an + bpd) — (@ +bi)| = |(an — @) + (b, — b)i]
=[(an = a)* + (bn — b)*[2 < maz(|(an — a)*|2, |(bn — b)*|2)

< maw(\/?, \/52) =&

where the first inequality follows from the strong triangle inequality. Thus the Cauchy

sequence {a, + b,1}22, in Qa(i) converges to a + bi € Qy(i), and we have that Qz(7)
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is complete with respect to the absolute value | - |. O
Theorem 4.5.5. We have that Q(i), = Q2(7). In particular, Z[i|, = Zs]i].

Proof. By Lemma 4.5.1, we have that Qa(7) C Q(i),. Also, Q(i) C Qa(i) and Q(z)
is dense in Q(7),, so we can conclude that Qz(7) is dense in Q(7),. Lastly, by Lemma
4.5.4 we have that Q2(7) is complete. Altogther this implies that Qa(i) = Q(i)..

To show that Z[i], = Zs[i], we will show that for a,b € Qz we have |a + bi|, <1
if and only if |als < 1 and [b]s < 1. We proved the forward direction in the proof
of Lemma 4.5.4. For the other direction, assume that |a]s < 1 and |b]s < 1. Then
la + bi|; = |a® + b*]y < max(|a?|s, [b?|2) < 1. With this, we have that |a + bi|, < 1 if

and only if |al, < 1 and |b|s < 1, implying that Z[i], = Z,[i]. O

4.6 Hilbert Reciprocity on Q(i)

Now that we have shown that the Hilbert symbol on Q(%), is bimultiplicative, we can
show that Hilbert reciprocity on Q(i), is equivalent to quadratic reciprocity on Z[i].

First we will state the law of quadratic reciprocity for Z[i].

Theorem 4.6.1. (Quadratic reciprocity on Zl[i].) Let m,n" € Z[i| be distinct odd
Gaussian integer primes with 7 = © = 1 mod 72 and let 7 = x + yi where x,y € Z.

Then we have the following:
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Remark 4.6.2. Every odd Gaussian integer prime has a unit multiple that is con-

gruent to 1 mod 72. We will see proof of this in the proof of Theorem 4.6.3.

Our task in the next three theorems is to compute («, 5), for a, f € Q7). In the
proof of Theorem 4.6.3 we will show that Q(i)* = 72 x Z[i]* = 7% x (i) x (1+73Z[i],).
We also know that (o, ), = 1. Now let u,w € Q(i)X such that u = w = 1 mod 73.
Using the bimultiplicativity of the symbol, computing («, 5), reduces to computing

the following symbols:

() (u,w),

Since ix? + Ty* = 22 has the solution (z,y,2) = (i,1,1), we have that (i,7), = 1.

The following theorems will address the other three cases.

Theorem 4.6.3. Let u € Z[i|* = Zy[i]* and let u = x + yi with x,y € Zy. Then we

have the following:

(i) If x € Z, then

if x +y = 41 mod 8,

-1, ifx+y=+3modS8.
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(i1) If v € 2Z,, then

1, if x —y = +1 mod 8,

(u77—>7' =
-1, ifx—y =43 modS8.

Proof. First we will consider the units of Z,[i] mod 73, which are represented by

numbers of the form 1+ a7 + b7? where a,b € {0, 1}.

a,b | 14 ar + br? mod 73

0,0 1
1,0 l+7=—i
0,1 1+72=-1

1,1 1+74+72=14

TABLE 4.6.1: The four units of Zs[i] mod 73.

Looking at Table 4.6.1, we can see that Zo[i]* = {1,—1,4,—i} x (1 + 73Zs[i]).
Using this direct product decomposition, for any u € Zs[i]*, we have u = i for
some k € Z and some ¢ € 1+ 7°Zy[i]. So to compute (u,7),, we can compute
(i*e,7), = (i,7)%(e, 7),, with the equality coming from the bimultiplicativity of the
Hilbert symbol. The equation ix? + 7y?> = 2% has the solution (i,1,1), so (i,7), =
1. Therefore, computing (u, 7), reduces to computing (&, 7), for the appropriate .
Furthermore, it suffices to consider € modulo mod 72, so consider ¢ € (1+73Z,[i])/(1+
7°Z5[i]). This has four representatives, which can be written as numbers of the form

1+ ar® + br* where a,b € {0,1}. We show these representatives in the table below.
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a,b 1+ ar® + bt

0,0 1
1,0 1+73=—-1+4+2¢

0,1 1+74=-3

Ll1|1+734+7t=-5+2i

TABLE 4.6.2: The four representatives of (1 + 73Zs[i])/(1 + 7°Zs]i]).

So computing (e, 7), has been reduced to computing the symbol for e € {1, -1+
2i,—3,—5+ 2i}. Thus we have four cases.

Case 1) Let € = 1. Since 1 is a square we have that (¢,7), = 1.

Case 2) Let € = —1 +2i. Since —1+2i =1+ 7% and 1+ 73 € N(LX) by Table
4.4.5, we have that (¢,7), = 1.

Case 3) Let e = —3. Since —3 =1+ 7% and 1 + 7% ¢ N(LX) by our work in Case
3 of the proof of Theorem 4.4.2, we have that (e,7), = —1.

Case 4) Let e = —5 + 2i. Since =5 +2i =1+ 73+ 7* = —(1 + 72) mod 7°, and
1472 ¢ N(LX) by our work in Case 3 of the proof of Theorem 4.4.2, we have that
(e,7), = —1.

In summary we can construct the following table.
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a,b 1+ a3+ b1t (1+ar®+ 0" 7),
0,0 | 1
1,0 147=-1+2 1
0,1 1+74=-3 —1
Ll1|1+73+7t=—-5+2i -1

TABLE 4.6.3: The values of (¢,7);.

From Table 4.6.3, we can clearly see that the value of (1 + a7®+ b7, 7)., depends
on the value of b. In particular, (1 + a7 + b7*,7), = (=1)°. So for any u € Zy[i]*
we can find the corresponding ¢ and value of b in order to compute (u, 7),. However,
this process is a bit laborious, so it would be much nicer to have a direct formula for
(u, T)r.

Along these lines, we can note that

u=1+ar®+br* =1—2a—4b + 2ai (4.6.1)

and consider the sum of the “real” and “imaginary” parts, which is 1 —4b = 1 mod 4.
Now set u = x + yi for some z,y € Zy. Since u is a unit in Z,[i], it must be that
x Z y mod 2Z,. So x +y = 1 mod 2Zs,, meaning = + y is either 1 or 3 mod 4Z,. And
since we can either have x = 0 mod 2Zy and y = 1 mod 2Z, or vice versa, we have
two cases.

Case 1) Let z = 1 mod 2Z, and y = 0 mod 2Z,. Then y = 2A for some A € Zs.
First suppose that x+y = 1 mod 4Z,. Then we have that x = 1—2A mod 4Z,, which
means that x = 1—-2A+44B for some B € Z,. With this, x+yi: = 1-2A+4B+2Ai =

14+ A2+ Br*. Also, the class of 4+ yi mod 7° only depends on the values of A and
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B mod 2Z,, so we can conclude that (u,7), = (—1)%. So we need only to determine
the parity of B. Since z +y = 1+ 4B, the parity of B depends on the value of x + y
mod 8Zs,. If x + y = 1 mod 8Z,, then B = 0 mod 2Z, and (u,7), = 1. On the other
hand, if x + y = 5 mod 8Zs, then B = 1 mod 2Z, and (u,7), = —1. Next suppose
that x + y = 3 mod 4Z5. Then z +y = 3mod 8Zs or z + y = 7 mod 8Z,. Also,
—x —y = 5mod 8Zy or —z —y = 1 mod 8Zy. Now since (u,7), = (x + yi, T7), =
(—x —yi,7); = (—u,7),, as —1 is a square, we can use the work that we did when
x4+ y =1 mod 4Z,. By doing this we can conclude that if x + y = 3 mod 8Zs, then
—x —y = 5 mod 8Z,, which implies that (u,7), = (—u,7), = —1. Additionally,
we have that if z +y = 7 mod 8Z,, then —x — y = 1 mod 8Z,, which implies that

(u,7); = (—u,7), = 1. In summary we now have that if z = 1 mod 2Z, then

1, if x +y = 41 mod 8Z,,
(u7 7')7- =

—1, ifx+y=+3mod 8Z,.

Case 2) Let # = 0 mod 2Z5 and y = 1 mod 2Z,. Then iu = —y + xi is covered
by Case 1 if the roles of z and y are replaced with —y and x, respectively. Since

(7,7); = 1, we have that if x = 0 mod 2Z, then

1, if v —y = +1 mod 8Zs,
(u,7)r = (iu,7), =

—1, if x —y =43 mod 8Zs,.
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Theorem 4.6.4. Let u € Z[i|* such that u = x + yi for x,y € Zy. Then

T

1 if 22 +y> = 1 mod 8,

(i) =4
—1, ifz*+y*=5modS8.

Proof. One could prove this in a way similar to the proof for Theorem 4.6.3. However,
instead of examining the sum of the real and imaginary parts of u, one would have

to examine the sum of the squares of the real and imaginary parts of u. O

Theorem 4.6.5. Let u,w € Z[i]X such that u=w =1 mod 73. Then (u,w), = 1.

T

Proof. Let u,w € Q(7)X such that v = w = 1 mod 7* and consider (u,w),. As we
have seen before, the value of this symbol will only depend on « and w mod 7°. Thus
we will consider u and w in (1+73Z[i],)/(14+7°Z]i],). So u has the form 1+ a73+b7!
and w has the form 1+ a'73 + 0'7* where a,d’,b, 0’ € {0,1}. With this, we will now

construct a table with the possible values of u and w and their corresponding symbols.

a,b | ad b (u,w),
1,0 | 1,0 (1+73,1+73%),
1,0 0,1 (14731479,

1,0 | 1,1 A+721+7+71),
0,1 0,1 (14741 +79),
0,1] 1,1 A+781+73+71),

1,1 1,1 (1—|—T3+T4,1+T3—|—T4)T
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Since we know that (a, «), = 1 for all & € Q(7)*, we have only three nontrivial
symbols to check: (1+731+74),, (1+731+73+7Y),, and (1+ 741+ 73+ 74),.
We will first compute (1+73,1+7%),. By Example 4.4.3, we can see that 1+ 73 €
N(L

1+r4)/(Q(i):>2- Thus (1+ 73,1+ 71, = 1.

Next consider (1473, 1+73+7%),. By Table 4.3.3 we have that 1+73+74 = —(1+
72) mod 7°. With this, (1+73, 1+73+7%), = (1473, 1+7?),. In addition, Table 4.4.5

shows that 1+7% € N(L

1)/ (Q)2)% So (1472, 1472 4 74), = (1472, 147%), = 1.

Lastly, we will compute (1+74, 1+7347%),. Since 1 +73+7* = —(1+72) mod 7°
by Table 4.3.3 and Table 4.4.5 tells us that 1+ 72 € N(Ly, .)/(Q(i)})?, we have

I+ 1+ +7), =1 +741+7%), =1

By checking all of the above symbols, we have shown that (u,w), = 1. O

Remark 4.6.6. Note that this statement is much simpler than its analogue, Lemma
3.4.3, just as the main law of quadratic reciprocity over Z[i] is much simpler than the

main law of quadratic reciprocity over Z.

Theorem 4.6.7. If 7 is an odd Gaussian integer prime and a € Z[i]}, then (a, 7). =
(7)-

Proof. The argument is just like Lemma 3.4.1. First we will show that (£) = 1
implies (a,7), = 1. Suppose (2) = 1. Then ¢ = O mod 7, and by Corollary 4.1.17,
a =0 in Z[i]*. Then (a,7), = 1 by Theorem 4.2.4(i). To show (a,7), = 1 implies
(2) = 1, suppose (a,7)r = 1. Then there exists x,y,z € Z[i], with at least one
in Z[i]* such that az? + 7y? = 22 If 7|z then 7|(az? + my?) = 2% With this,
72| (2% — ax?) = wy? which implies that 7|y, a contradiction since one of z,y, or z is

a unit. So  #Z 0 mod 7. Now reducing az? + 7y? = 2% mod 7 gives az? = 2? mod .

This implies that @ = O mod 7, so (£) = 1. O
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Finally, we have the Gaussian analogue of Theorem 3.5.2.
Theorem 4.6.8. The following are equivalent:
(i) The quadratic reciprocity law on Z[i].

(ii) Hilbert reciprocity on Q(i),: for all a,b € Q(i)} we have (a,b), = 1 for all but

v

finitely many v and

[[(.0)., =1

v

Proof. Since a and b can be decomposed into a product of primes and powers of 7, the
Hilbert symbol can be split apart using its bimultiplicativity until the only numbers
in the symbols are either primes or 7. As a result, we only need to check [ [, (a,b), =1
when a and b are primes or . We can always ignore v = oo unlike in the rational case,
since the Hilbert symbol on Q(i)o = C is trivial. Let 7, 7" be distinct odd Gaussian
integer primes such that 7 = 7’ = 1 mod 73.

Case L: T, (i), = 1

Since the equation iz? +iy? = 22 has the solution (x,vy, 2) = (1,4,0), we have that
(,1), = 1 for all v. This is an analogue of Case 1 in the proof of Theorem 3.5.2.

Case 2 T, (5, 7), — 1

Since the equation iz? + 7y? = 2?2 has the solution (z,y,z) = (i,1,1), we have
that (i,7), = 1 for all v. This is an analogue of Case 2 in the proof of Theorem 3.5.2.

Case 3: [T, (i,7) = 1

By Corollary 4.1.19 and Lemma 4.2.5, we only have to compute (i, 7), for v =17

N(m)—1

and v = m. By Theorem 4.6.4 we have (i,7), = (—1)" 4 . Also, by Theorem 4.6.7

N(m)—1

we have (i,7), = (). Thus [],(¢,7), = 1 if and only if () = (=1)" ¢ , the first
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supplementary law for quadratic reciprocity on Z[i]. This is an analogue of Case 3 in
the proof of Theorem 3.5.2.

Case 4: [, (7.7), = 1

Since the equation 722 + 7y = 2?2 has the solution (z,y,z) = (1,4,0), we have
that (7,7), = 1 for all v. This is an analogue of Case 4 in the proof of Theorem 3.5.2.

Case 5: T, (7, 7). = 1

By Corollary 4.1.19 and Lemma 4.2.5, we only have to compute (7, 7), for v =7
and v = 7. Since m = 1 mod 73, by Equation 4.6.1 we have that 7 = x + yi with z

odd and y even. Then by Theorem 4.6.3 we have

1, if xt +y =41 mod 8,
(T’W)T =
-1, ifz+y=+3modS.

Also, by Theorem 4.6.7 we have (7,7), = (Z). Thus [[, (7, 7), = 1 if and only if

1, if x4y =41 mod 8,

-1, ifz+y=+3modS.

T 2_
This is equivalent to (I) = (—1)< = 1, the second supplementary law for quadratic

reciprocity on Z[i]. This is an analogue of Case 5 in the proof of Theorem 3.5.2.
Case 6: T, (m,7), = 1
Since mx? + my? = 22 has the solution (z,y, z) = (1,1,0), we have that (7, 7), = 1
for all v. This is an analogue of Case 6 of Theorem 3.5.2, but much simpler.
Case 7: T, (m7'), = 1

By Corollary 4.1.19 and Lemma 4.2.5, we only have to compute (7, 7’), for v = 7,
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v=m, and v = 7’. By Theorem 4.6.5 we have (m,7"), = 1. Also by Theorem 4.6.7
we have (m,7'), = (’%) and (7', 7)r = (5). Thus [], (7, 7'), = 1 if and only if
(%)(’%) = 1, which is equivalent to (%) = (’%), the main law of quadratic reciprocity.
This is an analogue of Case 7 of Theorem 3.5.2.

So by checking these seven cases we see that if Hilbert reciprocity on Q(7) holds,
then quadratic reciprocity on Z[i] holds.

For the other direction, assume that quadratic reciprocity on Z[i] holds. Then we
have that () = (%,) for 7 = 7/ = 1 mod 73, which means that (%)(%’) = 1. Then
by Theorem 4.6.7, we have that (m, 7). (m,7"), = 1. From here, Theorem 4.6.5,
Corollary 4.1.19, and Lemma 4.2.5 tell us that (7, 7"), = 1 for all v other than v = 7
and v = 7'. So, [[ (7, 7), = 1.

Assuming quadratic reciprocity, we also have () = (—1)%, SO (%)(—1)W =

1. Then by Theorem 4.6.4 and Theorem 4.6.7, we have (i,7),(i,7);, = 1. Also,
Corollary 4.1.19 and Lemma 4.2.5 tell us that (i,7), = 1 for all v other than v = 7
and v = 7. With this, we have [] (i, 7), = 1.

Lastly, quadratic reciprocity tells us that for 7 = 1 mod 72 with # = x + yi for

r,y € Z,
1, if x4y =41 mod 8§,

-1, ifx+y =43 modS8.

Then by Theorem 4.6.7 and Theorem 4.6.3, we have (7,7),(7,7), = 1. Just like
before, Corollary 4.1.19 and Lemma 4.2.5 tell us that [[ (7, 7), = 1.

Along with the bimultiplicativity of the Hilbert symbol and what we showed in
Cases 1, 2, 4, and 6, we have that [[ (a,0), = 1 for all a,b € Q(3);. Thus Hilbert

reciprocity on Q(7) is equivalent to quadratic reciprocity on Z[i]. O
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