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Let E be a semi-stable elliptic curve defined over Q, and fix N > 2. Let Kxn/Q be a
maximal algebraic Galois extension of Q whose ramification indices are all at most N.
We show that there exists a computable bound B(NN), which depends only on N and
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1. Introduction

Let K be a number field and let E/K be an elliptic curve. The Mordell-Weil Theo-
rem states that E(K), the set of K-rational points on F, can be given the structure
of a finitely generated abelian group. In this note we consider elliptic curves defined
over the rationals Q and provide bounds for the size of E(K)
algebraic Galois extension of Q.

Tors: Where K is an

Theorem 1. Let E/Q be an elliptic curve, let Sk, qaq be the set of primes of additive
reduction of E/Q, and let N > 2 be fized. Let K be an algebraic Galois extension of
Q (not necessarily finite) unramified at primes in Sg qaq such that the ramification
index of any other prime p in K/Q is finite and bounded by N. Then E(K)r, . is
finite and there is a computable bound B = B(E, N) for its size. Moreover, if E is
semi-stable, then the bound B is independent of E.

The bound will follow from a more general result, Theorem 16, and will be
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made explicit in Theorem 17. The proofs of Theorems 16 and 17 are elementary in
that they require little more than the theory of Tate curves and standard results
from a first course on elliptic curves. However, they rely on deep results of Mazur
(Theorems 4 and 14 below) and Serre (Propositions 11 and 12 of [12]).

Applying Theorem 1 when K is an unramified extension of a finite extension F
of Q, we are able to obtain the following.

Theorem 2. Let E/Q be a semi-stable elliptic curve. Let F/Q be a finite Galois
extension of degree d > 7. Let K be the maximal unramified extension of F'. Suppose
that P is a point of exact order {™ for some prime number £ defined over K, then
0<d+1 and 0" < (3)" (d+1)2d" if ¢ is odd, or 2" < 29d* if £ = 2.

Notice, in particular, that these bounds are polynomial in the degree d of the
extension F'/Q. Compare this to the celebrated results on the Uniform Boundedness
Conjecture, proved by Merel in 1996 and improved by Parent in 1999, where the
assumptions are much more general, but the bounds are exponential in d.

Theorem 3 (Merel, [8], Theorem, and Parent, [9], Theorem 1.3). Let K
be a number field of degree [K : Q] =d > 1. Then:

(1) (Merel, 1996) Let E/K be an elliptic curve. If E(K) contains a point of exact
prime order £, then £ < 43 a
(2) (Parent, 1999) If P is a point of exact prime power order £™, then

(a) " <65(39 —1)(2d)%, if ¢ >5
(b) " < 65(5% —1)(2d)8, if £ =3
1

(c) 0" <129(3¢ — 1)(3d)°, if € = 2.

Merel and Parent proved these results by extending methods of Kamienny and
Mazur using the theory of Jacobian varieties and Hecke Algebras (see [1] for a survey
of the work of Kamienny and Mazur).

The improvement in Theorem 2 is not too surprising given that it applies only
to semi-stable elliptic curves defined over QQ, as opposed to a general elliptic curve
as in Theorem 3. Still, this difference is important because it quantifies how difficult
it is for a semi-stable elliptic curve defined over Q to acquire torsion in an arbitrary
degree d number field.

One would like to write down the complete (finite) collection of possible isomor-
phism types of E(K)ros, for E an arbitrary elliptic curve defined over a degree
d number field K. Moreover, one would like to know the sub-collection of groups
for semi-stable curves defined over Q. However, the general case is only known for
d =1 and 2, i.e., for K = Q and for quadratic fields (as stated in [11], Theorem
6.9).

aIn [8], Merel claims that Oesterlé can lower this to £ < (1 4 39/2)2,
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Theorem 4 (Mazur, [6], Theorem 8). Let E/Q be an elliptic curve. Then

Z/MZ with 1 < M <10 or M =12, or

EQ ~
(@ {Z/2Z@Z/2MZ with 1< M < 4.

Theorem 5 (Kenku and Momose, [4], Kamienny, [3]). Let K/Q be a
quadratic field and let E/K be an elliptic curve. Then

Z/MZ with 1 < M <16 or M =18, or
Jzprezemz with1< M <6, or
Tors Z)3MZ ®Z/3MZ with M =1 or 2, only if K = Q(v/-3), or
Z/AZ & Z/AZ only if K = Q(y/—1).

In our restricted case, we present results (see Proposition 21) which are analo-
gous to, but less specific than, Theorems 4 and 5; we provide bounds for the possible
group structures for F(K) when K satisfies the assumptions of Theorem 1 but do
not determine the precise list of possible torsion subgroups over these large fields.
It is important to notice, however, that our bounds only depend on the ramification
indices of the field, and not on the degree of the extension.

The layout of the paper is as follows: Section 2 gives a brief discussion of linear
algebra over the ring Z/¢"Z for a prime number ¢; Section 3 covers some preliminary
results; the proofs of Theorems 1 and 2 are presented in Section 4; and Section 5
discusses an application of the main theorem to fields with very small ramification.

E(K)

2. Linear algebra over Z/£™Z

Let E be an elliptic curve defined over any field F. For all prime numbers ¢ not
equal to the characteristic of F', the kernel of the multiplication-by-¢™ map (defined
over F), E[{™], is isomorphic to Z/{™Z & Z/{™Z as an abelian group.

If po: Gal(F/F) — Aut(Ty) is the f-adic representation associated to E, then
reducing modulo £ gives a representation

pem s Gal(F/F) — Aut(T,/0™Ty) ~ Aut(E[(™]) ~ Aut(Z/{"7 © Z/IM7),
and after choosing a basis (P, Q) for E[¢{™], we obtain a map
pem s Gal(F/F) — GLo(Z/0™7).
Moreover, if n < m, then we can reduce again modulo ¢ to get a map
pen: Gal(F/F) — GLy(Z/"7Z),

where our basis for E[¢"] is given by (P,,Q,), with P, = [(™ "|P,, and Q, =
[ Qm.

Now let Ry, = G P + b Qm € E[¢™] be any point of exact order £™. Let vy
be the standard ¢-adic valuation of Q, i.e. v;(¢) = 1. By abuse of notation, we will
also use vy on elements of Z/¢™Z so that if a,, and b,,, are elements of Z/¢™Z, then
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their ¢-adic valuations satisfy 0 < vg(am,), ve(by) < m. In particular, since R,, is of
exact order ¢™, we must have that one of vy(a,) or v¢(by,) is zero (i.e. one of a,,
or by, is a unit modulo £™). Note also that the ¢-adic valuation being equal to m is
equivalent to that coefficient being zero.

Now suppose that we take some multiple R,, = (™ "|R,, (with n < m) of R,,.
Then R, is a point of exact order ¢ and we have that R,, = a, P, + b,Q, with
P, and Q,, as above, a,, = a, mod ¢", and b,, = b, mod ™. The next lemma is
elementary and we omit the proof.

Lemma 6. If a, # 0, then vi(am) = ve(an), and if b, # 0 then ve(by,) = ve(by,).

3. Remarks on ramification indices

Let E/Q be an elliptic curve and fix, once and for all, a global minimal model for E.
Let ¢ > 2 be a prime number and let R,, € E[{"] be a point of exact order ¢". Let
M, be the Galois closure of Q(R,,) over Q. In this section we collect information
about the ramification in the extensions M,,/Q and Q(E[¢"])/Q for any prime £
and natural number n. These extensions can only be ramified at the prime ¢ and
primes of bad reduction for F by the criterion of Néron-Ogg-Shafarevich.

Our main method will be to study the ramification in certain local Galois exten-
sions L,,/Q, where p is a prime of bad (multiplicative) reduction for E, or p = ¢. To
do so, we choose an embedding of Q into Qp for each p and fix it for the remainder
of this paper.

Additionally, we adopt the convention that when we choose a basis {P,,, @, } for
E[¢™], we are actually choosing a basis for all E[¢>°]. That is, we are choosing bases
{P,,Qy} for all n simultaneously such that P, = [{]P,+1 and Q,, = [¢]Qn+1 for all
n > 0.

3.1. Good reduction

Suppose that F has good reduction at ¢. For this section, set L, to be the com-
positum M,,Q,. Let Z; be the ring of integers of Q; and let M, be the maximal
ideal of Z,. We will denote by v the valuation on Q, which extends the usual ¢-adic
valuation v, of Q, i.e. we require v(¢) = 1. Finally, let I, be the inertia subgroup of
Gal(@e/Q0). )

Since F has good reduction at ¢, we have an exact sequence of Gal(Q./Qy)-
modules:

0 — E1(Q)[("] — E(Q)["] — E(F,)[("] — 0, (3.1)

where E is a non-singular elliptic curve, E — E is given by reduction modulo M,
and Ej is its kernel. Notice that F;(Qy) is a Gal(Qy/Q¢)-submodule of E. If E
has ordinary reduction, then E;(Qy)[¢"] has order " and it has order ¢2" if the
reduction is supersingular. We will divide our study into three parts:

(1) Understand the ramification in L,,/Q, when the reduction of R,, is trivial;
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(2) Understand the ramification in L, /Q, when the reduction of R, generates
E(F,)[e"); and

(3) Understand the ramification in L, /Q, when the reduction of R, is neither
trivial nor generates E/(Fy)[¢"].

We begin with a result of Serre which explains the case n = 1.

Proposition 7. [Serre, [12], Section 1.11] Suppose first that E has ordinary reduc-
tion at £. Then Gal(Qe(E[€])/Qp) is isomorphic to a Borel subgroup of GLa(Z/(Z).
Moreover, the image of Iy under p; has order £ — 1 or £(£ — 1) and is of the form

tan) {6}

with respect to any basis { Py, Q1} with Py € E1(Qy).

If, instead, E has supersingular reduction at ¢, then the images of I, and
Gal(Qy/Qy) under py are a non-split Cartan subgroup (cyclic of order £2 —1) and
its normalizer (of order 2(¢% — 1)), respectively.

We remind the reader that the normalizer of a non-split Cartan subgroup is a
group of the form

N— {(Z%) , (_“b Eﬁa) ca,b € ZIT, (a,b) # (0,0)},

where € is an arbitrary quadratic non-residue in Z/¢Z.

Lemma 8. Let Ry be a point of exact order £ in E1(Qy), the kernel of the reduction
map. Then the extension Q¢(R1)/Qy is always non-trivial and ramified, and its
ramification index is either £—1 if the reduction is ordinary or £2 —1 if the reduction
18 supersingular.

Proof. Choose any other point )1 € E[{] such that (Ry,Q1) = E[{]. If E has
ordinary reduction at ¢, then the lemma is immediate from Proposition 7: as R is
in the kernel of the reduction map, the fields Q¢(R;) and Q.({;) are equal, and the
ramification index in the extension Qg(R1)/Q; is therefore ¢ — 1.

If F has supersingular reduction at ¢, then we need to consult the field diagram

K = Q(E[(])

/
KH 02-1
I
21 K
/
Qe
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where H = {(é :£1>} is the subgroup of Gal(K/Qy) (the normalizer of a non-

split Cartan subgroup) which fixes Ry (here we are using the fact that we took
R; to be the first element in the basis for E[¢]). Because I is a non-split Cartan
subgroup, (I, H) = Gal(K/Qy), so that K N KT = Q. Thus, K = Q;(R,) is
totally ramified extension of Q; of degree ¢2 — 1. D

We now move on to values of n > 1. For such n and any 0 < i < n, set
R; = [(""Y|R,,. Note that R; is a point of exact order £°.

Lemma 9. Let n > 1 and suppose that R, € Ey(Qy), that is, suppose that R,
reduces to the origin modulo My. Then the ramification index in the extension
Qu(R,)/Qq is at least o(£™) = €"~1(¢ — 1) if the reduction is ordinary and ((* —
1)fn=L if the reduction is supersingular.

Proof. Note first that each of the multiples of R, is in the kernel of the reduction
modulo M, map. Next, the theory of formal groups (see [13], IV, Proposition 2.2)
shows that E1(Qg) = E(M,), where E is the formal group associated to E. The
isomorphism is given by (x,y) — t((x,y)) = —z/y.

Put t; = t(R;) € E. Since t; € My, we have that v(t;) > 0. On the other hand,
by Theorem IV.6.1 of [13],

v(£)

for all 1 < ¢ < n. Further, by Corollary IV.4.4 of [13], there exist power series

f(T),9(T) € Z[[T]] with f(0) = g(0) = 0 such that
[()(T) = £f(T) + g(T").

In particular, t; = [(](tiy1) = €f(tiv1) + g(ti ). If v(tiy1) = v(t;), then the right
hand side of the previous equation would have strictly larger valuation than t;.
Thus, we must have 0 < v(t;41) < v(t;) <1, for all 1 <4 < n. Hence, the extension
Qe(ti+1)/Qe(t;) is ramified, and therefore the extension Qg(R;+1)/Qe(R;) is ramified
at /4.

By Lemma 8, the ramification in the extension Q(R;1)/Qy is either £ — 1 or
¢? — 1 according to the type of good reduction, and the extension Q,(E[f])/Qq¢(R1)
is either unramified or the ramification degree is ¢. Moreover, the extension
Qu(E[0H1]))/Qu(E[¢Y]) is Galois, and its degree is a divisor of £*. Since Q(R,,) C
Qe(E[£™]), we conclude that the ramification of the extension Q/(R,,)/Q¢(R;) is a
power of ¢, and we showed above that Qg(R;+1)/Q¢(R;) is ramified for all ¢ > 1
(thus, the ramification at every step is at least ¢). Hence, the ramification of
Qu(R,)/Q(Ry) must be at least (¢ — 1)f"~1 = (") or (£2 — 1)¢"~! according
to the reduction type, as claimed. O

We now understand the ramification coming from points in the kernel of re-
duction. In particular if E has supersingular reduction at ¢, then E;(Qg)[("] =
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E(Q)[¢™] and the previous Lemma applies for every point of order ¢". Next we
consider the case of ordinary reduction, and in particular we study the case where
the reduction of R,, generates E(F,)[¢"].

Lemma 10. Let n > 1 (n > 3 if { = 2) and suppose that the reduction of R,
modulo M, generates E(F;)[("]. Then the residual degree of Qu(R,)/Qq satisfies
fau(r,) = n. In particular, there is a sub-extension F' C Q¢(R,) such that F/Qy is
unramified and of degree at least n.

Proof. Let t < n, ¢ = ¢' and let F, be a finite field with ¢ elements. The Hasse
bound implies that

0<qg+1-2/g<#E[F,) <qg+1+2/g<,

due to our assumption that n > 1 (and n > 3 if £ = 2).

Thus, there cannot be any points of exact order £ defined over IF,. Since ex-
tensions of the residue field are in one-to-one correspondence with unramified sub-
extensions of Q;(Ry,), we are done. |

We now suppose that E has ordinary reduction at £ and consider the case where
R, is neither in the kernel of reduction, nor reduces to a generator of E(F,)[("].
This is the step where we will need the fact that L,, = M, Q, is a Galois extension
of Q. We distinguish between the cases £ > 2 and ¢ = 2.

Lemma 11. Suppose that E/Q has good ordinary reduction at £. Let n > 1 (n > 4
if ¢ = 2) and suppose that R,, € E(Qu)[¢"] is a point of exact order (™ which is
neither in the kernel of reduction, nor reduces to a generator of E(F,)[("]. Then:

(1) If £ > 2 then the ramification index of L, /Qy is at least p(£™);

(2) If £ = 2 then either the ramification index of L,/Qy is at least p(2"~1) > 2,
or the residual degree of L, /Qq satisfies fr, > n — 1. In particular, there is a
sub-extension F' C Ly, such that F/Qy is unramified and of degree at least n—1.

Proof. Let {P,,Q,} be a Z/¢{"Z-basis of E[¢"] such that P, is in the kernel of
reduction and @, generates all the image of the reduction map, i.e. the reduction of
Qn is a point of exact order £” in E(F;). Recall that F;(Qy) is a Gal(Qy/Qq)-stable
submodule (see Equation 3.1) so that G,, = Gal(Q¢(E[¢"])/Qy) is a Borel subgroup
of GLo(Z/t"Z).

Because the action of Galois on E(Fy) factors through the map Gal(Qy/Q) —
Gal(F;/F;) (composed with the natural action of Gal(F,/F;) on E(F;)) and I, is
the kernel of this map, E(F@) is fixed by I,. Thus, G, N1, is a subgroup of the form:

(3D}

Notice that the upper left corner, the character x, must be the full £"th cyclotomic
character because Qu(¢pm) C Qu(E[¢"]) and Qy(en)/Qy is certainly ramified.
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Let R, = a, Py, + b,Q, € E(Qy). Since R, is not in the kernel of reduction, we
know that b,, # 0; since R,, does not generate E (Fe), we know that b,, is not a unit.
Thus b, = 0 mod ¢, and v4(b,,) < n. Since R,, is of exact order n, the coefficient a,
must be a unit modulo £".

(1) Suppose £ > 2. Let 0 € I, be a matrix congruent to (g ?) mod ¢ (such an

element exists because £ > 2 and Prop. 7). Then,
0(Rn) = (anx(0) + bu0(0)) Pa + b, Qn
is defined over L,, because L,,/Qy is Galois, and
o(Ryn) — Ry, = (an(x(0) = 1) + b,6(0)) Py, = an Py, mod L.

Since a,, is a unit mod ¢", the point o (R, ) — R,, has exact order £, it is in the
kernel of reduction (it is a multiple of P,) and defined over L,, (recall that E
is defined over Q, so the addition in F is defined over Q). Hence, by Lemma 9,
the ramification degree of L,,/Qy is at least (™).

(2) Suppose £ = 2, n > 4, and b, = 0 mod 2. Let us write b, = 2d,, for some
non-zero d,, € Z. Let 7 € I; be such that x(7) = 3 mod 8 (recall that x is the
cyclotomic character, thus, for every o € (Z/8Z)* there must be an element 7
of I such that x(7) = a mod 8).

(a) If b,6(7) = 0 mod 4, then:
7(Rn) — Ry = (an(x(7) — 1) + bnd(7)) Py = 2P, mod 4

because a,, € (Z/8Z)*. Thus, 7(R,) — R, is a point of exact order 277!
in the kernel of reduction and defined over L,,. Therefore, the ramification
index of L, /Q> is at least ¢(2"71), by Lemma 9.

(b) If b,0(7) = 2 mod 4, then b, = 2d,, for some odd integer d,. Thus, R, =
anPp + dn(2Qr) = an Py + dp@Qn—1, and d, is a unit in Z/2"7Z. Therefore,
the reduction of R,, modulo My generates E(F5)[2"~!]. As we are assuming
that n > 4, we may apply Lemma 10 to conclude that the residual degree of
L, /Qq satisfies fr, >n — 1. D

The following proposition is an immediate corollary of Lemmas 10 and 11 and
the criterion of Néron-Ogg-Shafarevich.

Proposition 12. Let E/Q be an elliptic curve given by a minimal model with good
reduction at a prime £. Let n > 1 (orn >4 if ¢ = 2). Let R,, be a point of exact
order (", and let M, /Q be the Galois closure of Q(R,,).

(1) Let £ > 3 and n > 1. Either the ramification index of £ in M,/Q is at least
©(L™) or there is some prime p of bad reduction which ramifies in M, /Q.

(2) Let £ =2 andn > 4. Either the ramification index of £ = 2 in M, /Q is at least
©(2"7Y) or there is some prime p of bad reduction which ramifies in M, Q.
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3.2. Bad multiplicative reduction

We now drop the assumption that E has good reduction at ¢. Instead, we let p be a
prime of multiplicative reduction (p = ¢ is possible). The theory of Tate curves (see
Chapter V of [14], for instance), gives an extension F'//Q, such that E(F) = F* /¢%,
for some ¢ € F such that j(F) = j(q). In fact, if E has split multiplicative reduction
at p, we can take F' = Q,; otherwise, F'//Q, is a quadratic unramified extension. For
this section, set L,, to be the compositum M, F'. Notice that L,,/F is Galois and it
is the minimal field of definition of R,, over F (because E(Q) C E(Q,)).

Under this isomorphism, E(F)[(™] ~ (¢, ¢*/*")/q”. Let P, be the inverse image
of ¢pn and let Q,, be the inverse image of ¢'/*". Then (P,,Q,) = E(F)[¢"], and we
will write R,, = a, P, + b,Qn with ay,b, € Z/¢"Z. Finally, note that F(E[("]) =
F(Cenyg!*") and F(Rn) = F(Gor - g™ /"),

Let vy and v, be the usual prime valuations on Q. Set

ap = ve(vp(q)) = ve(—vp(j(E)))
and let -y, be the smallest integer such that there is an £~ root of g defined over
F ie., ¢ =¢"/"" ™" € F and ¢"/*" = (¢)/*"". Note that a,, is independent of n
and ap > n — 7, for all n.
Recalling that L, /F is Galois and the minimal field of definition of R,, over F'
and that R, — (% - ¢"/*" we have

L PG b ¢ e (32)

" F(Cosn,q""")  if by € (Z)0"7)% (3.3)

where §,, = max{vy,,n — v¢(a,)}. Because F//Q, is unramified, the ramification
index e, = e(L,,/Q,) of the extension L, /Q, equals the ramification index of the

extension L, /F. Moreover, we know that the ramification index of the extension
F(g"/*")/Q, is max(¢"~v¢(bn)=% 1), Thus, we may conclude:

(1) If L,, = F((en, g"/*"), then

o { ©(0™) - max(¢nven)=er 1) if p = ¢, (3.4)
"] max(envebn)—er 1) if p £ L. (3.5)
(2) If Ly, = F(Con,q**"), then
. { (%) -max ("~ 1) if p=4¢; (3.6)
" | max(emmer, 1) if p £ 0 (3.7)

3.3. The Full Division Field
In this section we review the necessary results about the full division field Q(E[¢™]).
Lemma 13. Let E be an elliptic curve defined over Q, let £ be a prime, and let K

be an algebraic Galois extension of Q. Then Q(uen) C Q(E[L™]). Thus the ramifi-
cation index of £ in the extension Q(E[("])/Q is at least ©(£™). In particular, if ¢
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is finitely ramified in K and o(€™) is larger than the ramification index of ¢ in K,
then Q(E[(™]) cannot be contained in K.

Proof. The non-degeneracy of the Weil pairing guarantees that any field containing
all of the points of order £ contains the £"-th roots of unity, i.e.

Q(pen) C Q(E[L).

If we assume that Q(E[¢"]) C K then, in particular, Q(ue) C K, and the ramifi-
cation index of ¢ in the extension K/Q is at least ¢(£™). O

We quote a deep theorem of Mazur regarding the image of the ¢-adic represen-
tation of E:

Theorem 14 (Mazur, [7] Theorems 3 and 4). Let E/Q be an elliptic
curve and € a prime number. Let L be the set of prime numbers L := {p <
19} U {37,43,67,163}. Then either £ € L or the image of the representation
pe : Gal(Q/Q) — GLo(Z/4Z) attached to E is irreducible. Moreover, if E is semi-
stable, then py is surjective for £ > 7.

Corollary 15. Let E/Q be an elliptic curve and £ a prime number. Let L be the set
of prime numbers L := {p < 19} U {37,43,67,163}. Let K be an algebraic, Galois
extension of Q, and suppose Ry is a point of exact order ¢ defined over K. Then
¢ € L or the ramification at ¢ in K/Q is at least p({) =€ —1. If E/Q is semistable
and € > 7, then the ramification index of K/Q is at least £ — 1.

Proof. If the image of p, is surjective or irreducible then E[¢] has no non-trivial
Z/VZ[Gal(Q/Q)]-submodules. Therefore, if R; is a non-trivial point of order ¢ de-
fined over K, and K/Q is Galois, then E[¢] must be defined over K. Thus, by
Lemma 13, ¢ C K and the ramification of K/Q at £ must be at least ¢(¢). Thus,
the result follows directly from Mazur’s theorem. D

4. The proofs of Theorems 1 and 2

In this section, K/Q is an algebraic Galois extension. The ramification index of a
rational prime ¢ in K/Q will be denoted by e (¢) when it is finite. For an elliptic
curve E defined over Q, we set the following notation for the remainder of the
section:

o Let Sg muit and Sg adqa denote, respectively, the sets of rational primes where
FE has multiplicative and additive bad reduction;

o Let S = Sgada USE mu U{¢} for a fixed prime ¢;

e Let ex = max(ex(p));

pES

e Let a(4,C) be the least integer such that ¢(¢*) > C' if £ is odd (or p(2¢71) > C
if £ = 2), for a given C' > 0;

e Let a=a({, ex);
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e Let b="5b(¢, E) > 0 be the largest integer such that there exists a point of E of
exact order ¢° defined over Q;

e Let n = max(a,b+ 1,2) if £ is odd and n = max(a,b+ 1,5) if £ = 2; and

e Set m = a + 2n.

Theorem 16. Let ¢ > 2 be a prime and let E/Q be an elliptic curve. Suppose that
K is an algebraic Galois extension of Q such that any prime in S is finitely ramified
in K, and any prime in Sg qqq is unramified in K. Then, there are no points of E
of exact order £™ defined over K.

Proof. We may assume that F/Q is given by a minimal model, because the iso-
morphism class of E(K), . only depends on the Q-isomorphism class of E. Let R,,
be a point in E of exact order £™. Then R, = [{" "|R,, is a point of exact order
¢™. Denote by M,, and M,, the Galois closures of Q(R,,) and Q(R,,) respectively.
Asn > b, M, /Q is a non-trivial extension. We will show that if R,, € E(K), then
M, /Q is a non-trivial extension which is unramified at all rational primes. Since
such extensions do not exist, the theorem will follow.

The proof has two steps. We will prove that the extension M,,/Q is unramified
at primes of bad reduction using (mainly) the results of Section 3.2. Then, we will
be able to deduce the theorem using (mainly) Proposition 12.

To begin, let p be a prime of bad additive reduction. By assumption p does not
ramify in K. Since M, /Q, M,,/Q, and K/Q are all Galois extensions, and we are
assuming that R,, € E(K), we must have that M,, C K. Thus, M,, is unramified
at all primes at which E has bad additive reduction.

Next, let p be a prime of bad multiplicative reduction, and define F/Q,, ¢, ay,
Yms Om, My F = Ly,, and L,, as in Section 3.2. In particular, these choices assume
that we have chosen compatible bases { Py, Qm } and {P,, @, } for E[¢"] and E[¢"],
respectively. Write R,, = a4y Py + 070 Qm and Ry, = an Py, + 0,Q -

Our next step is to analyze the extension L, /Q,. We divide our study into
three cases, based on the ¢-adic valuation of b,,. In each case we will either reach a
contradiction or show that L, /Q, is unramified.

’ Case 1: vy(by,) = n‘

In this case, Equation (3.2) shows L, = F({sn). If p = ¢, this extension is totally
) > ¢(£*) > ek, which is a contradiction. If p # ¢, this

extension is unramified, as desired.

’ Case 2: 0 < vy(by) < n‘

In this case, Equation (3.2) shows L, = F((om,q"/*"). If p = ¢, Equation (3.4)

shows that the ramification index is at least (¢™) > ¢(¢*) > ek, again a contra-

diction. If p # ¢, Equation (3.5) shows that the ramification index in L,,/Q, is at

ramified of degree @(£™
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least

gm—velbm)=ap — gm=ve(bn)=ep by Temma 6,
> gm—n—ozp

— £a+n70¢p

We will return to this case in a moment.

’ Case 3: vy(b,) = 0‘

In this case, Lemma 6 shows that b, is also a unit. Equation (3.3) then shows that
Ly, = F(Cosm,q"*"). If p = £, then Equation (3.6) shows that the ramification
index in L,,/Q, is at least ¢(¢%=). This forces d,, < a. Consequently, m — d,, >
m—a=2n>n. Thus L, C L,,_s,,.

If R,, corresponds locally to the point ¢ - ¢®=/*" then R,,_ s, = [(°"](R,,)
corresponds locally to the point ( Z;’,‘)Zém (g™ Since 8, > m—vg(am) then
( g,:l)éém = 1. Similarly, since 8,, > v, then (qu/em)ﬁm € F by the definition of
Ym- Hence, L,,_s,, = F and we have shown that L,, C L,,_s,, = F. Since F/Q, is
unramified, this is the desired result. Now, if p # ¢, then Equation (3.7) shows that
the ramification of L,,/Q, is at least £~ > (atn—ar,

p=1 p#L
n) =1 Contradiction Unramified
0 < v(by) < n | Contradiction | er, (p) > £4t7=
=0 Unramified | e, (p) > 27

Table 1. A summary of our findings so far.

It remains to deal with the two cases in the bottom right of Table 1. Suppose
that o < m. Then a +n — o, > a +n —n = a. In particular, the ramification
index of L,,/Q, would be at least {* > ¢(¢*) > eg, a contradiction. Thus, we
conclude that o, > n. However, Equations (3.5) and (3.7) show that if o, > n,
then L, /Q, is unramified. Thus, M, /Q is unramified at all primes p at which E
has bad multiplicative reduction. This completes our first step, namely, we have
shown that M, /Q is unramified at all primes p at which E has bad reduction.

By the criterion of Néron-Ogg-Shafarevich, the primes p which ramify in M,,/Q
are a subset of those contained in S = Sg 24dUSE mut U{¢}. However, since M,,/Q is
unramified at all primes at which E has bad reduction, we are left to conclude that
either M,,/Q is unramified at all rational primes (a contradiction because M, /Q is
non-trivial), or E has good reduction at ¢ and M,,/Q is ramified at ¢. Let us assume
the latter possibility.

Notice that our choice of n satisfies the hypothesis of Proposition 12. In par-
ticular, since M,,/Q is unramified at all primes of bad reduction, the ramification
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index at ¢ must satisfy

ear, (€) = (") (or enr, (2) = p(2"71)).

As n > a, this is a contradiction. Thus, we have reached a contradiction in all cases,
and our original assumption that R,, € E(K) is impossible. O

Theorem 17 (Explicit Version of Theorem 1). Let E/Q be an elliptic curve,
and let N > 2 be fized. Let K be an algebraic Galois extension of Q (not necessarily
finite) unramified at primes in Sg,qqq such that the ramification index of any other
prime p in K/Q is finite and bounded by N. Then E(K) is a subgroup of

Tors

Z/(2m(2’N)71)Z > Z/(Qa(Q,N)72)Z « H Z/(gm(Z,N)fl)Z « Z/(Ea(f,N)fl)Z’
(eLUR
>3
where L is defined in Theorem 14 and R := {primes £: £ < N + 1}. In particular,
E(K) is finite and #E(K)po e

B(E, N) = 2mN)+a@2.N)=3 H gm(EN)+a(t,N)=2
‘eL3n

Tors divides

This bound depends on E because the field K depends on the primes of additive
reduction of E. Thus, if E is semi-stable, then E(K) 18 a subgroup of

Tors

z/@" NNz x 2/ 2PNz x [ 2/ Nz x z) (e Nz,
3<U<A
where A = max(7,N + 1), and #E(K)r,,, divides
B(N) — 9m(2,N)+a(2,N)-3 H pm(6N)+a(€,N)—2
3<U<A

depending only upon N, independent of E.

Proof. Note that K satisfies the hypotheses of Theorem 16 simultaneously for all
primes ¢. Consequently, there are no points of order ™ defined over K, for any /.
Moreover, by Lemma 13, Q(E[¢?]) cannot be contained in K for any odd prime ¢.
If ¢ = 2, then Q(E[2%7!]) cannot be contained in K. Thus, E(K)[¢*°] is isomorphic
to a subgroup of Z/{™m~1Z x 7Z/¢*~17Z for odd primes ¢ and of Z/2™ 17 x 7./2%727
for £ = 2.

If¢ ¢ LUR, then ¢(¢) =¢—1> N and, by Corollary 15, the ramification at ¢
in the extension K/Q is at least ¢(¢) > N, which contradicts our hypothesis. If we
assume further that F is semi-stable, then the same argument shows that no prime
¢ > max(7, N + 1) can divide the order of E(K)p .-

Finally, note that if E is semi-stable, then Sg aqa = 0, so that our field K no
longer depends on E, hence our bound does not depend on F either. O

Corollary 18 (Theorem 2). Let E/Q be a semi-stable elliptic curve. Let F/Q be
a finite Galois extension of degree d > 7. Let K be the mazimal unramified extension
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of F'. Suppose that P is a point of exact order £ for some prime number £ defined
over K, then { < d+1 and (" < (%)4 (d+1)2d* if £ is odd, or 2" < 2%d* if £ = 2.

Proof. We apply Theorem 17 with NV = d since ex < d. In particular, no prime
larger than max(7,d 4+ 1) = d + 1 can divide #FE(K) If ¢ is odd, our choice of
a gives (2=2(¢ — 1) < d. Thus,

Tors*

[2

< d. 4.1
-1 (41)
If ¢ = 2, our choice of a gives 2°~3 < d, so that

2% < 8d. (4.2)

In the notation of Theorem 16, we need to estimate
m(f,d) +a(l,d) — 2 = 2a+ 2max(a,b+1,2) — 2
if £ is odd, and
m(2,d) + a(2,d) — 3 = 2a + 2max(a, b+ 1,5) — 3
if £ = 2. Since d > 7, we have that a(2,d) > 6, a(3,d) > 3, a(5,d) > 2, and

a(7,d) > 2. In particular, Mazur’s classification theorem (Theorem 4) shows that
max(a,b+ 1,2 or 5) = a for all primes ¢. Combining this with Equations (4.1) and
(4.2) yields
n < 2a + 2max(a,b+1,2) — 2
=4da —2
so that
Vi < (ga)4 672

2N
< (g 1d> ¢72, by Equation (4.1)
¢\,
= P d4
<é—1> ‘
3\ 4

if £ is odd, and
n < 2a + 2max(a,b+1,5) — 3
=4a—3
so that
2" < (29)*273
< (23d)42_3, by Equation (4.2)
— 994
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if £ =2. O

Corollary 19. Let E, F, d > 7 and K be as in the previous corollary. Then
|E(K )| < 2°(d + 1)%4+4,

Tors

Proof. As above, our choice of a for odd ¢ gives (42 < p(¢*~1) < d so that
a <log,d+ 2.
By the previous corollary, we have
#E(K)Tors < 29d4 H €4a(€,d)72.
3<U<A
Noting that A = d + 1 and combining the previous equation with the logarithmic
bounds for a(¢,d) above gives

#E(K)

Tors

< 29 44 H g4(10g5 d+2)—2

3<e<d+1
_ 29d4 H d4£6

3<e<d+1
< 29 gA+4-4 H /8

3<£<d+1
<2°(d+1)*™* ] (d+1)°
3<£<d+1

< 29(d+ 1)5d+4’
as desired, where we have used the fact that there are at most g odd numbers ¢
with 3 </ <d+ 1. O

Remark: In the above corollaries, the assumption that d > 7 is made solely to
simplify the algebra. It is entirely possible to produce similar results for all d > 1
using the same methods.

5. An application of Theorem 17

In this section, as an example, we apply our results to provide bounds on the
torsion of elliptic curves over Q, upon base change by a field with everywhere low
ramification. Our results are, thus, in the same vein as Fujita’s result below which,
in turn, builds on previous work by Laska and Lorenz (see [5]):

Theorem 20 (Fujita, [2], Theorem 2). Let E be an elliptic curve over Q. Let
F = Q{+v/m : m € Z}). Then, the torsion subgroup E(F) is finite, and it is
isomorphic to one of the following 20 groups:
222 ®7Z/2MZ  for M =1,2,3,4,5,6,8,
ZJAZ S ZJAMZ  for M = 1,2,3,4,
Z)2MZ ®Z/2MZ  for M = 3,4

Tors
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or {0}, Z/3Z, Z/37 & Z/3Z, 7./5Z, Z.]7Z, Z./97, Z./157. Moreover, each group
listed above appears as E(F) for some elliptic curve E defined over Q.

Tors

In this context, we can apply Theorem 1 to get the following generalization (at
least in the case that F is semi-stable) of Theorem 20:

Proposition 21. Let E/Q be a semi-stable elliptic curve and let K/Q be an alge-
braic Galois extension (not necessarily finite or abelian) such that ex (€) <5 for all
primes £ > 2. Then, E(K)r,,. is a subgroup of

(Z)2Y7 x Z./2'7) x (Z)3"Z x Z./3Z) x (Z/5°Z x Z./5Z) x Z.]T*Z.
Moreover, if E(Q)[9] is trivial, then E(K ),

(Z)27 x 7./2'7) x (Z)3°Z x Z./3Z) x (Z/5°Z x Z./5Z) x Z.]T*Z.
Thus, |E(K )p,,| is a divisor of 219 - 3% . 56 .74,

s a subgroup of

Tors

Proof. One can quickly compute that
a(2,5) =5, a(3,5) = a(5,5) =2, and a(¢,5) =1 for all £ > 5.
Recall that m(¢, N) = a(¢, N) + 2max(a(¢, N),b(¢) + 1,2 or 5). Thus,
m(2,5) =5+ 2max(5,b(2) + 1,5) = 15 since b(2) + 1 < 4;
6 ifb(3)=0orl
8 ifb(3) =2;
m(5,5) = 2+ 2max(2,b6(5) + 1,2) = 6 since b(5) =0 or 1;
m(7,5) =1+ 2max(1,b6(7) + 1,2) = 5 since b(7) =0 or 1.

m(3,5) =2+ 2max(2,b(3) + 1,2) = {

The proposition now follows from Theorem 17. O

In the previous proposition, one may take K to be the maximal unramified
extension of the field ' = Q({y/m : m € Z}) that appears in Fujita’s theorem,
because ek (2) = 4 and ex(¢) < 2 for all £ > 2. Notice, though, that K/F is an
infinite extension (see, for example, [10], Corollary 7). Moreover, there are many
other possibilities for K which do not fit in Fujita’s setup. For an obvious example,
K may be the maximal unramified extension of a cyclic Galois extension F/Q of
degree 3, 4 or 5.
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