ON THE SURJECTIVITY OF GALOIS
REPRESENTATIONS ATTACHED TO ELLIPTIC CURVES
OVER NUMBER FIELDS

ALVARO LOZANO-ROBLEDO

ABSTRACT. Let A be an elliptic curve over a number field K, let p > 7
be a prime and let p be a prime ideal of K lying above p, such that the
j-invariant of A is non-integral at . We extend a result of Rohrlich to
show that a certain deformation of the Galois representation attached
to the Tate module of A is surjective, under some restrictions involving
the ramification index of p, p and j(A).

1. SURJECTIVITY OF A GALOIS REPRESENTATION

Let K be a number field, fix K, an algebraic closure of K, and let j be
transcendental over K. Let E be an elliptic curve defined over the field
K (j) such that j(E) = j. Given a prime number p > 7, the natural action
of Gal(K(j)/K(j /) on the group of p-torsion points of £ induces a repre-
sentation 7g: Gal(K (5)/K(j)) — SL(2,F,). The universal deformation of
T, with respect to certain ramification conditions (see [Roh], [Roh04]), is
an epimorphism

: Gal(K (j)/K(5)) — SL(2, Z,[[X])).

Let K be the extension of K generated by all roots of unity of p-power
order. In [Roh00a], [Roh00b], D. E. Rohrlich showed that 7g descends to
an epimorphism

: Gal(K (j)/K (j)) — SL(2, Z,[[X]]).

Notice that pg encapsulates arithmetic information which was not present
in 7g.

Let A be an elliptic curve defined over K with j-invariant j(A) # 0,1728
and suppose that A coincides with the fiber of £ at j = j(A). Choose a
place o of K (5) ) extending the place j = j(A) of K( /), and write D and I for

the corresponding decomposition and inertia subgroups of Gal(K (5)/K (5)).
We “specialize” the representation pg to j = j(A) by restricting the map to
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the decomposition group D. By the ramification constraints of the universal
deformation (see [Roh00b]), the map pg is unramified outside {0, 1728, oo},

thus pg|p factors through D/I = Gal(K/K). We obtain a representation:
pa: Gal(K/K) — SL(2, Z,[[X])).

If we write pz: Gal(K/K) — SL(2, Z,) for the representation determined

up to equivalence by the natural action of Gal(K/K) on the Tate module
of A, then, by construction, p, is a deformation of pa, and in particular
palx=o = pa. The image of 74, which has been characterized by M. Deuring
[Deu53], [Deubs], J.-P. Serre [Ser72], J. Tate [ST68] and others, depends
drastically on whether the elliptic curve A has complex multiplication or
not.

In light of the results of Deuring, Serre and Tate, one would naturally
want to know how large is the image of the representation p4. Let

pa: Gal(K/K) — SL(2,F,)

be the representation induced by the action of Galois on the points of order
p on A. In [Roh04], Rohrlich proved in the case K = Q that if py is
surjective and 1,(j(A)) = —1 then py is surjective, where v, is the usual
p-adic valuation on Q. In this note we generalize Rohrlich’s results to more
general number fields.

Fix p, a prime of K lying above a prime p > 7. We write v, for the
standard p-adic valuation on K, so that, for a uniformizer 7 of p, v,(7) =1
and v,(p) = e, where e = e(p | p) is the ramification index.

Theorem 1.1. If p4 is surjective, e is not divisible by p—1, v,(j(A)) = —t
with t € N, ged(p,t) = 1, and
ep e
t< —— —e+ ——
P e+ b1
then p4 is surjective.

Proof. The strategy of the proof is the same as in [Roh04], proof of Theorem

1 (which shows the case K = Q). We summarize it here and point out where

the proof diverges for a number field K as in the statement of Theorem 1.1.
It suffices to verify the surjectivity of the projective representation

Ppa: Gal(K/K) — PSL(2, A)

because the only subgroup of SL(2, A) with projective image PSL(2, A) is
the full group SL(2, A). We similarly define projective maps Ppg and Ppa.
By the definition of p4, in order to verify the surjectivity of Pp4 it suffices
to show that the image via Ppg of the decomposition group D is the full
group PSL(2, A).
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The kernel of pg determines a fixed field L, in particular Gal(L/K(j)) 2
PSL(2,Z,[[X]]). Fori > 1, let L; C L be the fixed field determined by the
kernel of the reduction map

Gal(L/K () = PSL(2, Z,[[X])) — PSL(2, Z,[[X]]/(p, X)").

Recall that we have chosen a place o of K(j) extending j = j(A). Let ¢,
be the residue class field of o |, i.e. £, = o(L,)\{oo}.

A criterion of Boston ([Bos86], Prop. 2, p. 262) reduces the problem to
proving that the image of D in Gal(Ly/K (7)) maps to all of PSL(2, A/(p, X)?).
Equivalently, one needs to show that [Lg : K(j)] = [¢2 : K]. Notice that the
assumption on the surjectivity of p implies that pa is surjective (see, for
example, [Ser68], IV-23, Lemma 3), and so is Ppa, the projectivization of

pa. It follows that [Ly : K(j)] = [¢; : K], therefore it suffices to prove that
(1) [LQ : Ll] == [62 : 61]
1.1. Siegel Functions. We follow the definitions established in [Roh04].

Definition 1.2. Let p > 7 be a prime and define R = F>\{(0,0)}.

(1) M is the set of all functions m: R — Z with m(r) = m(—r). M is
clearly a Z-module.

(2) We write N for the Z-submodule of M consisting of all those m €
M that reduce modulo p to a function defined by a homogeneous
polynomial of degree two over [F),.

Let r € R and let s = (s1, 2) € Z* be any lift of 7, i.e. s = (s1,82) =7
mod p and put a = a; = %(51, S9), then the symbol f, represents any Siegel
function g}? (see [KL81], p. 29). If s € Z? is replaced by another lift of r
then f, is multiplied by a pth root of unity (for this see [KL81], Remark on
p. 30), so the symbol f,.(7) is only well defined up to pth roots of unity. For
m € M we also define the symbolic mth power:

=11
reR

The key ingredient in the proof of Theorem 1.1 is given by the following
result of Rohrlich ([Roh04], Theorem 2).

Theorem 1.3. The extension Lo/Ly is generated by pth roots of Siegel
units. More precisely, Ly = Ly({(f™)Y? : m € N}).

Using the previous theorem, Rohrlich reduces the proof of (1) to the
following local statement (see [Roh04], p. 19, 20; the argument is valid in
our case, by simply replacing Q by K). Since v,(j(A)) = —t < 0 there
is a unique Tate curve B over K, with j(B) = j(A). Suppose there is a
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m € N such that o(f™)"/? ¢ K (B[p"]) for all sufficiently large v € N, then
equality (1) follows.

Let O, be the ring on integers in K, and let ¢ be the unique element
of 7O, such that j(q) = j(B), where m, as before, is a uniformizer of p.
Proposition 8 of [Roh04], can be generalized to:

Proposition 1.4. There exists m € N such that:
o(f™) = ¢"(1 —ug)(1 - vg*) = ¢"(1 + wq)

with p € Z, u,w € O, and v € Oy, In particular, o(fm) € K.

The proof found in [Roh04] is valid without change. Let f = f™ with

m as in the previous proposition. Hence, in order to finish the proof of
Theorem 1.1, we need to show:

Proposition 1.5. Suppose that v,(j(A)) = —t witht € N, e is not divisible
by p—1, ged(p,t) = 1, and
ep e
t<p_1 —e+p—_1,
then o(f)V/? ¢ K,(B[p*]) for all sufficiently large v € N.

Proof. Tt suffices to show that o(f)"/? has degree p over K, o(B[p"]) for all suf-
ficiently large v. Note that K, (B[p"]) = K, (¢, ¢'/*") where ( is a primitive
p’th root of unity (see [Lan87], Chapter 15, Theorem 3).

Since v,(j(A)) = —t, then v,(q) =t (and by assumption ged(p,t) = 1).
It follows that ged(vy(g), p”) = 1 and the order of ¢ in K /K7 is p”.

Recall that by Proposition 1.4 we can write o(f) as ¢"(1 —uq)(1 —vg*) =
q"(1+wq) with p € Z, u,w € O}, and v € O,. We claim that o := ¢ *o(f)
has degree p” in K /Kgpu. For suppose the contrary, i.e. P = B8P for
some 8 € K,,. Then P = o with € a p”~'th root of unity and £ = Pa~! €
K,,. Since K, cannot contain nontrivial pth roots of unity (or p — 1 would
divide e), it follows that £ = 1.

Hence o« = BP. Let 8 = 1 + br for some b € O, 7 a uniformizer for .
By the binomial theorem:

p
DY\in_h
1+bm)P = b
(tbmp = (h) "
h=0
so the terms in P — 1 have p-adic valuations in the list

pWe(b) +1), i(vp(b) +1) +ewith1 <i<p—1

and the minimum non-zero valuation is either p(v,(b) + 1) or v,(b) + 1 + e
(and both cannot be equal, since that implies that p—1 divides e). This value
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must equal ¢ since we are assuming o« = 1 + wq = (P, but ¢ is not divisible
by p by hypothesis, so the minimum valuation must be t = v,(b) + 1 +e.

First suppose t < e+1. This implies that v,(b) < 0 which is contradictory
since b € O. Otherwise e +1 <t < %5 and the fact that v,(b) +1+e <
p - (vp(b) + 1) implies that

vo(b) +1+e
vy(b) + 1

Substituting v,(b) = ¢ — e — 1 we obtain p > =, and hence ¢ > %
t > e) which contradicts our assumption on t. Therefore, we conclude that
« is not a p-th power.

(since

Remark 1.6. Using the p-adic logarithm and exponential maps one can

prove that if v,(y) > e + >4 then (1 + v)/P € K,. So the bound on t in

the theorem is best possible, at least for this method of proof.

Thus we have proved that the order of a in K /Kgpy is exactly p”.
Therefore, the subgroup of K /K *" generated by the cosets of ¢ and o(f)
has order p?”.

Lemma 1.7. Let L be a field with char(L) = 0, and let { be a primitive p”th
root of unity. Let M = L(C). Then the following natural map is injective:

L*/L*P" — M*/M*?".
We claim that Proposition 1.5 follows using the previous lemma (which

we will prove below). Indeed, let F, = K(() where ( is a primitive p“th
root of unity. The natural map

K/ /Kgp” — FX /XY

is injective by the previous Lemma, so the image of the group generated by
the cosets of ¢ and o(f) also has order p*.

It follows that [F,(¢'/?", o(f)**") : F,] = p? and we can deduce that

[Fo(q"7", o(f)"/7")  Fo(q""")] = p".

Hence o(f)""" has degree p over F,(¢"/7") = K (B[p"]), so o(f)"/" has
degree p over K, (B[p"]). O

Proof of Lemma 1.7. As a consequence of Hilbert Theorem 90 we obtain:
HY(Gal(L/L), py) = L*/L*?", and H (Gal(M /M), pw) = M* JM*¥".

Moreover, the natural map L*/L*?" — M*/M>*?" corresponds to the
restriction map in cohomology, which fits in the exact sequence:

0 — HY (Gal(M/L), ) — H (Gal(L/L), jipn) — H"(Gal(M /M), i)
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Thus, in order to show that the map is injective, is enough to show that
HY(Gal(M/L), p) = 0.
Since M = L({) where ( is a primitive p”th root of unity, we can think

of Gal(M/L) as a subgroup of (Z/p"Z)* acting on p, = Z/p"Z via multi-
plication, and to finish the proof, we must prove:

Lemma 1.8. H'(G,Z/p"Z) = 0 for any G < (Z/p*Z)*.

Statements similar to this one can be found in the literature (see e.g.
[Rub99], Lemma 6.1), but for the convenience of the reader we include a
proof of the precise statement needed here.

Proof. For this, let ¢ : G — Z/p”Z be a cocycle. We would like to prove
that v is actually a coboundary. Since G < (Z/p'Z)*, G is cyclic, G = (a)
for some a. Moreover, suppose that the order of G is ng. Since v is a cocycle
(1) = 0 and, inductively, one can show that

at —1

a—1

Y(a') = (@ + a4+ Dib(a) = < ) U(a).

Note that ﬁ might not make sense in Z/pZ, so we also let a be an

integer representative of the congruence class, and we write (‘i__l) for the

1
congruence class of C;t:ll € Z modulo p“Z.

Note that ng, the order of G, divides p*~!(p — 1), the order of (Z/p"Z)*.
First, suppose that ged(ng,p — 1) > 1. Then a # 1 mod p, since the
elements which are congruent to 1 modulo p generate subgroups with order

a power of p. Since a # 1 mod p, a — 1 € (Z/p*Z)* and it follows that:
w(a/t>: <(l _]‘>w<a>:(at_1)¢(a> _at¢<a> o 77Z)(a) (*)

a—1 a—1 a—1 a-—1

with % € Z/p"Z. Hence v is a coboundary in this case.

Only the case ng = p remains, where m is an integer satisfying 1 <
m < v. This corresponds to the case G = {a € (Z/p"Z)* : a =1
mod p™}. Thus a, the chosen generator of G, satisfies a = 1+up™ mod p,
with u # 0 mod p. It suffices to show that ¥(a) = 0 mod p™ since that
would imply that wa) e 7 /p"7Z and we can proceed as in (&) to prove that

a—1

¥ is a coboundary. We start with:
0=y(1)=vla-a® "N =y(a) +a @ " mod p”

r—m

and

a —

vl ") = (—1‘1> v(a) mod
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thus

v—m _
aP 11

0=1(a)+a- Ji(a) modp’. ()

a—1

It is easy to see that (1+up™)?” = 1+u'p"", with u =« mod p. Hence:

pu—mil o 1 pu—m N 1
a-(a 1 )Za —1=p"™—1 mod p"*!

a— a—1

and the congruence remains true modulo p”. Finally, substituting in (%)
above, we obtain:

0=¢(a)+ (™™ —1Dp(a) = p”" ™Y(a) mod p”.

Therefore, 1(a) =0 mod p™, which concludes the proof of the Lemma. [

0

2. EXAMPLE

Let K = Q(v/—11), p = 11 and set 7 = 1= V{” We write p for the unique
prime ideal of K lying above 11, thus the ramification index e = e(p | p) = 2.
Let A/K be the curve:

—61440 — 851968
A:y2+(27—1)y:x3+7x2, Jj(A) = r

11-4931
5 ) 224 . 33
Ag = —3795-3527, Nijo(Ax) = 33112:3041, Niso(i(A) = ——°
In particular, t = —v,(j(A)) = 2. Note that e = 2 is not divisible by

p—1=10; ged(p,t) = ged(11,2) =1 and 1% =d>2=1
Hence it remains to check that the representation py: Gal(?/[? ) —
SL(2,F,) is surjective. In [Ser72|, Proposition 19, J-P. Serre gives condi-

tions for a subgroup G of SL(2,F,) to be the full group SL(2,F,). We
reproduce the result here for the reader’s convenience:
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Proposition. Suppose p > 5 and the following hypotheses are satisfied:

(1) The subgroup G contains a matriz sy such that Tr(s1)* —4det(s;) is
a non-zero quadratic residue modulo p, and Tr(s1) #0 mod p;
(2) G contains a matriz sy such that Tr(sy)*—4 det(sy) is not a quadratic
residue modulo p, and Tr(se) # 0 mod p;
(3) G contains a matriz s3 such that u = Tr(s3)?/det(ss) is not 0,1,2
or 4 modulo p and u* —3u+1# 0 mod p.
Then G is the full group SL(2,F)).

Let G < SL(2,F,) be the image of the representation ps. Let S4 denote
the set of all prime ideals of K such that A has bad reduction. S, is the set
of prime ideals which divide Ay, i.e. S4 = {3,11,3941}. Then, for every
v & S,U{p} the image via ps of a Frobenius element 7, € Gal(K/K) is a
matrix that we also denote by m, such that:

(1) Tr(m,) = a, mod p where a, is the trace of the Frobenius automor-
phism of A at the place v;
(2) det(m,) = N(v) mod p.
In order to conclude that G = SL(2,F,) we exhibit three Frobenius elements
S1, S2, S3 (S3 = sg) that satisfy the conditions in the proposition above. The

trace of the Frobenius automorphism was calculated using the computer
software PARI [Pari00].

e The prime number 5 is split in K. Let v5 be one of the prime ideals
of K lying above 5 (so N(v5) = 5). The trace of the Frobenius
automorphism is a,, = —1. Let s; = m,,. Then:

Tr(s;)? —4det(s;) = (—1)*> —4-5=—19=5% mod 11.

e The prime number 13 is inert in K. Let 43 be the prime ideal of
K lying above 13 (so N(r13) = 169). The trace of the Frobenius
automorphism is a,,, = 10. Let sy = m,,,. Then:

Tr(sy)? — 4det(sy) = (10)* —4-169 = —576 =7 mod 11

and 7 is not a quadratic residue modulo 11.
e Let s3 = s and let u = Tr(s3)?/ det(s3) = 133 = 3 mod 11. Then
u? —3u+1=1 mod 11.

Therefore pa is surjective and all conditions of Theorem 1.1 have been ver-
ified, thus the map p: Gal(K/K) — SL(2,Z1,[[X]]) is surjective. O
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