FORMAL GROUPS OF ELLIPTIC CURVES WITH POTENTIAL GOOD
SUPERSINGULAR REDUCTION

ALVARO LOZANO-ROBLEDO

ABSTRACT. Let L be a number field and let E/L be an elliptic curve with potential supersingular
reduction at a prime ideal p of L above a rational prime p. In this article we describe a formula for
the slopes of the Newton polygon associated to the multiplication-by-p map in the formal group of
E, that only depends on the congruence class of p mod 12, the p-adic valuation of the discriminant
of a model for E over L, and the valuation of the j-invariant of E. The formula is applied to prove
a divisibility formula for the ramification indices in the field of definition of a p-torsion point.

1. INTRODUCTION

Let L be a number field with ring of integers Oy, let p > 2 be a prime, let p be a prime ideal of
Or, lying above p, and let L, be the completion of L at . Let E be an elliptic curve defined over L
with potential good (supersingular) reduction at @. Let us fix an embedding ¢ : L < fp. Via ¢, we
may regard E as defined over L. Let L{Y be the maximal unramified extension of L, and let Kg
be the extension of Lg' of minimal degree such that E has good reduction over Kg (see Section 3
for more details). Let K = Kp, and let vk be a valuation on K such that vi(p) = e and vi(w) =1,
where 7 is a uniformizer for K. Let A be the ring of elements of K with valuation > 0. We fix a
minimal model of E over A with good reduction, given by

y2 + arxy + azy = 23+ agx® + agz + ae,
with a; € A. In particular, the discriminant A is a unit in A. Let E /A be the formal group associated

to E/A, with formal group law given by a power series FI(X,Y) € A[[X,Y]], as defined in Ch. IV of
[12]. Let

o0
p)(Z) =) s:Z'

i=1
be the multiplication-by-p homomorphism in E’, for some s; € A for all ¢ > 1. Since E/K has
good supersingular reduction, the formal group £ /A associated to E has height 2 (see [12]|, Ch. V,
Thm. 3.1). Thus, s; = p and the coefficients s; satisfy v (s;) > 1if i < p® and vg(s,2) = 0. Let
g =1, ¢1 = p and ¢o = p?, and put e; = vi(sq). In particular eg = vk (s1) = vk(p) = e and
e2 = Vi (s,2) = 0. Let e1 = vk(sp). Then, the multiplication-by-p map can be expressed as

Pl(Z) = pf(Z) + 7 9(ZP) + h(Z7"),

where f(Z), g(Z) and h(Z) are power series in Z - A[[Z]], with f/(0) = ¢’(0) = h/(0) € A*.
In this article, we are interested in determining the value of e;. In the next section we discuss
three examples that will be used during the rest of the paper to fix ideas. In Section 3, we prove
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consecutive refinements of a formula for e; that culminate in Theorem 3.9 and Corollary 3.12, where
we show a formula that only depends on the congruence class of p mod 12, the p-adic valuation of
the discriminant of a model for E over L, and the valuation of the j-invariant of E. In Section 4
we use the formula to calculate the value of ey for several interesting examples, and we show that if
p > 3, the ramification index of p in L/Q is e(p, L) = 1, and e; < e, then the numbers e; and e — e;
can only take the values 1, 2, or 4 (see Corollary 4.7). Finally, in Section 5, we apply our formula
to prove the following divisibility formulas for the ramification indices in the field of definition of a
p-torsion point (see Theorem 5.2 and Corollary 5.4):

Theorem 1.1. Let E/L be an elliptic curve with potential good supersingular reduction at a prime
© above a prime p > 3, and let e and ey be defined as above. Let P € E[p| be a non-trivial p-torsion
point. Then:

(1) Ifer > pe/(p+ 1), then the ramification index of any prime over p in the extension L(P)/L
is divisible by (p* — 1)/ ged(p? — 1,€).

(2) If ex <pe/(p+1),
e there are (p? — p) points P in E[p] such that the ramification index of a prime above p

in L(P)/L is divisible by (p — 1)p/(ged(p(p — 1), e1)).
e and there are (p — 1) points P in E[p] such that the ramification index of any prime
above g in L(P)/L is divisible by (p —1)/(ged(p — 1,e — e1)).
In particular, suppose that e(p, L) = 1:
o Ife; <e, then e; < pe/(p+1) and the ramification index of any prime over o in L(P)/L is
divisible by (p — 1)/(ged(p — 1,4)).
e If p=1mod 12, then e; > e and the ramification index of any prime over @ in L(P)/L is
divisible by (p? — 1)/ ged(p? — 1, ¢).

Acknowledgements. I would like to thank Kevin Buzzard, Brian Conrad, and Felipe Voloch for
several useful references and suggestions. I am also thankful to the anonymous referee for numerous
suggestions, and a very thorough report.

2. FIRST EXAMPLES

Before we dive deeper into the theory, let us exhibit two examples of elliptic curves over L = Q
and one curve defined over a quadratic field L = Q(+/13), together with their minimal fields of good
reduction (over Lg'), and the values of e and e;. The calculations have been completed with the aid
of the software packages Sage |9] and Magma [5].

Example 2.1. Let £/Q be the elliptic curve with Cremona label “121¢2”, with j(E) = —11 - 1313,
given by a Weierstrass equation

y? + zy = 2° + 2% — 3632z + 82757.

The elliptic curve F has bad additive reduction at p = 11, but potential good supersingular reduction
at the same prime. The extension K = K of Q¥ is given by adjoining m = v/11, thus e = 3. The
curve F has a minimal model with good supersingular reduction of the form

y2+€/ﬁ$y:x3+\?’/mx2+3\3/ﬁ$+2
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over Q¥ (1), where m = v/11, and the discriminant of this model is A = —1. The multiplication-by-11
map on the associated formal group E is given by a power series:
[11)(Z) = 11Z — 55mZ% — 27572 Z3 4 423502 — 1811487 2° — 65941772 Z° + 962657082
— 3411610407 2% — 15211913427° Z° + 183261837077Z'° — 4976069355197 Z' + O(Z'?).

Since 497606935519 = 17 - 23 - 151 - 8428159 is relatively prime to 11, we conclude that
€1 = VK(Sll) = VK(—4976069355197T) =1.

Example 2.2. Let E/Q be the elliptic curve with Cremona label “27a4”, with j(E) = —2'% -3 . 53,
given by a Weierstrass equation

v +y =2 — 30z +63.
The elliptic curve E has bad additive reduction at p = 3, but potential good supersingular reduction
at the same prime. The extension K = Kpg of Q3" is given by adjoining o = v/3 and a root 3 of
23 — 1202 4+ 506 = 0. The result is an extension K = Q% (a, 8) of degree e = 12. For convenience
we write K = Q5"(y) where v is a root of p(x) = 0, with

p(x) = 2'? — 4802'% — 20242° + 863912 + 72864027 — 537866425 — 87509664.5°
— 1616774132 + 297998377623 + 2211921612022 + 620985322322 + 653013043009.

The curve E has a minimal model with good supersingular reduction (which we will not write
here, because the coefficients are unwieldy expressions in 7). The multiplication-by-3 map on the
associated formal group FE is given by a power series:

8](Z) = 3Z + s32° + O(Z%),

where
~91366247104560778 1, 1556952329592412502 4, N 3943076616393619924
- 113527481110579959’7 340582443331739877 i 340582443331739877 "

53

. 495013631117553848 ,  544095024526171682  3353034524919522230
340582443331739877 | 113527481110579959 | 340582443331739877 -

The valuation we sought (computed with Sage) is vk (s3) = 2. Hence, e; = 2 in this case.

Example 2.3. Let jg be a root of the polynomial
22 — 68968800002 — 567663552000000,

and let L = Q(jo) = Q(v/13). Let p = 13 and let p = (1/13) be the ideal above p in Of,. Let E/L be
the elliptic curve with j-invariant equal to jo. The curve E has complex multiplication by Z[/—13],
i.e., End(E/C) = Z[y/—13] and, in fact, all the endomorphisms are defined over Q(v/13,1), see [13],
Chapter 2, Theorem 2.2(b)). Since 13 ramifies in L, it follows from Deuring’s criterion (see [4], Ch.
13, §4, Theorem 12) that the reduction of E at g is potential supersingular. We choose a model for
E/L given by
R 5231750 — 50692880808000:6 n —550711j50 + 4485396184200000
3825792 239112
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The discriminant of this model is AL _ 13546495176890000]0—926;)4828%639900045292464000000 and Vp(AL) —0.

Hence, E/L has good supersingular reduction at p. In particular Kp = LY and e = 2. The
multiplication-by-13 map on the associated formal group Eis given by a power series:
—8092357j0 + 78421886609976000 75

13|(Z) =137
13](2) 34+ 39852

+- 451320 +0(2")

where

—19392381526104077087547664000040 + 1370109961997431363496278036289664000000
29889 ’

Since vk (s13) = vp(s13) = 1, we conclude that e; = 1. The formal group and the valuation of si3

were calculated using Magma [5|. Thanks to Harris Daniels for providing the polynomial that defines

Jo-

Remark 2.4. Let N be the part of the Newton polygon of [p](Z) that describes the roots of

valuation > 0. Let Py = (1,e), P, = (p,e1), and P> = (p?,0). The slope of the segment PyP; is

—(e —e1)/(p— 1), while the slope of the segment PyP; is —e/(p? — 1). It follows from the theory of

Newton polygons (see [10], p. 272) that:

513 =

(1) If pe/(p+1) < e1, then N is given by a single segment Py Ps.

(2) Otherwise, if pe/(p+ 1) > ey, then N is given by two segments PyP; and P Ps.
In particular, if e; > e, then N has one single segment. We will frequently focus on the case e; < e, in
which case the Newton Polygon may have two segments. In this case, we shall show later (Corollary
3.2) that e; is independent of the chosen minimal model for F/K.

3. A FORMULA FOR e;

In this section we prove a formula for e; in terms of the valuations of the constants ¢4 and cg
of a minimal model for F/A. We need a number of preliminary results before we state and prove
our formulas in Theorem 3.9 and Corollary 3.12. Let us begin with some further details about
the extension Kp/L{" that was mentioned in the introduction. We follow Serre and Tate (see in
particular [11] p. 498, Cor. 3) to define an extension Kp of L{’ of minimal degree such that E
has good reduction over Kpg. Let £ be any prime such that ¢ # p, and let T;(E) be the ¢-adic Tate
module. Let pg ¢ : Gal(L/LE) — Aut(T;(E)) be the usual representation induced by the action of
Galois on Ty(E). We define the field K as the extension of L{ such that

Ker(pg,) = Gal(L¥ /Kp).
In particular, the field Kg enjoys the following properties:

(1) E/KE has good (supersingular) reduction.

(2) Kg is the smallest extension of L{" such that E//Kp has good reduction, i.e., if K'/Lg is
another extension such that /K’ has good reduction, then K C K'.

(3) Kg/Lg is finite and Galois. Moreover (see [10], §5.6, p. 312 when L = Q, but the same
reasoning holds over number fields, as the work of Néron is valid for any local field, [8] p.
124-125):

e If p > 3, then KE/L;r is cyclic of degree 1,2,4, or 6.
o If p =3, the degree of Kg/Lg is a divisor of 12.
e If p =2, the degree of K/L}) is 2,3,4,6,8, or 24.
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As before, we will write K = K. Let v be a valuation on K such that v (p) = e and v (m) = 1,
where 7 is a uniformizer for K. Let A be the ring of elements of K with valuation > 0.

Proposition 3.1. Let w(Z) = (1 + Y50, w; Z*)dZ be the unique normalized invariant differential
associated to E (as in [12], IV, §4), with w; € A for all i > 1. Then,

p|(Z) = isiZi = wy—1 2P + O(ZPT1) mod pA.
i=1
In particular, s, = wp—1 mod pA. Thus, if vi(wp—1) < e, then
e1 = vi(sp) = vk (wp-1).
Otherwise, if vi(wp—1) > e, then e; > e.
Proof. The congruence is shown in [2|, Lemma 3.6.5, so here we just give the key ingredients in the
proof. Let o(Z) = Z + > 3, “4=1Z% so that w = d(¢(Z)), and let ¢(Z) be the inverse series to

©(Z), so that ¢(¢(Z)) = Z. Since w is the normalized invariant differential for E, it follows that
pw(Z) = (wo [p])(Z) (see [12], Ch. IV, Cor. 4.3), and therefore [p|(Z) = ¥ (pp(Z)). The desired
congruence falls out from this and the equality ¥ (¢(Z)) = Z.

The congruence implies that s, = w,_1 + pa, for some o € A. In particular,

vk (sp) > min{vg (wp—1), vk (pa) } = min{vg (wp—1), e + v (o)}
If we assume that v (wp—1) < e, then v (w,—1) < e+vg (), and the inequality is in fact an equality

and vi (sp) = v (wp—1). Otherwise, if v (w,—1) > e, then e; = vi(sp) > e, as claimed. O

Corollary 3.2. Let y? +a1xy+asy = 22+ a2’ +asz+ag and y? +a\ vy +asy = 2° +ayx* + )z +a
be two minimal models for an elliptic curve EJA and let [p|(Z) = " 8,Z and [p)(Z) = > si(Z) be
the multiplication-by-p maps for their respective formal groups. Then, there is a constant u € A*
such that s, = upflsz’g mod pA. In particular, if e; < e, then the number ey = vi(sp) as defined
above is independent of the chosen minimal model for the elliptic curve E/A.

Proof. Let
y2 + a1y + azy = 3+ aga;Q + asx + ag, and y2 + a’lxy + agy =23+ aéxz + aﬁlx + ag

be two minimal models, with a;,a; € A, for the same elliptic curve E/A, and let E /A and B /A be
the formal groups associated to each model, with formal group laws given by F(X,Y) and F'(X,Y),

respectively. Since these are minimal models for the same curve E/A, it follows that (E, F') and

(E', F') are isomorphic formal groups (sce [12], Ch. VII, Prop. 2.2). Thus, there is a power secries
f(Z) =uZ + O(Z?), for some u € A*, such that

fIF(X,Y)) = F'(f(X), f(Y)).
Let w(Z) = Y wpZ"™, [pl(Z) = > sZ and w'(Z) = > w,Z", [p)(Z) = _ si(Z) be the invariant
differentials, and multiplication-by-p maps, for E and E’ , respectively. Then, by Prop. 3.1:
F(P)(2) = W (£(2)) = Y si(f(2)) = w1 (F(2)) + ... =l - w) 2P + O(Z7)

and
fpl(2) =u(lp)(Z))+ ... =uw(wp1 ZP +...)+ ... =u-wp1 Z° + O(Zp+1)
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Therefore, uP - w;_l =
as claimed.
In particular, if e; < e, and e; = vk(sp) and €} = vi(sy), then there is some o € A such that

— -1, — -1/
u - wp—1 mod pA, or w1 = uP" w,,_; mod pA. Hence s, = uP™"s), mod pA,

. .
sp = uP~"sp, + pa. Hence:

e1 = vi(sp) = VK(up_IS; + pa) = min{VK(s;), e+vg(a)} = VK(S;) =e].
Thus, the valuation of s, is independent of the chosen minimal model for E/A. O

Remark 3.3. Here is an alternative proof of Corollary 3.2 using the Hasse invariant H(FE,w) as
defined by Katz in [2], Section 2.0. Let E/A be given by a minimal model

y2 +a1xy + azy = 3+ a2x2 + aqx + ag,

with a; € A, and let w = dz/(2y + a1z + a3) be an invariant differential for E/A. Let H(E,w) be
the Hasse invariant. Moreover, let E//A be the associated formal group, let

WZ) = (1+ ) wZ")dZ = (1+ a1 Z + (a} + a2) 2% +..)dZ,

n=1

be the unique normalized invariant differential associated to E and write [p](Z) = S 82t as
before. Then, Lemmas 3.6.1 and 3.6.5 of [2] imply that a, = H(F,w) mod pA.
Now, if
y? + awy + ahy = 2 + dya® + a4 ag,
is another minimal model for E/A, then there is a constant u € A* such that the new invariant
differential w’ and w are related by W' = uw, and H(E,w) = vP"*H(E,uw) (see [2], p. Ka-29). If

o0

E'/A is the formal group associated to this new minimal model, and [p]'(Z) = S, stZt, then

(2

sp = H(E,w) = uP ' H(F,uw) = up_ls; mod pA.

Since we have assumed that e’ = v(a,) < e, the coefficients s, and s), have the same valuation.

Lemma 3.4. Let E/A be given by a model y?> + a1zy + agy = 2° + asx? + asx + ag, with a; € A,
and let w(Z) = (1 + 222, wiZY)dZ be the unique normalized invariant differential associated to E.
Then, w(Z) € Zlay, az, a3, as, ag)[[Z]]. Moreover, if Zlai, az, a3, a4, ag] is made into a graded ring by
assigning weights wt(a;) =1, then wy, € Z[a1, az, a3, as, ag] is homogeneous of weight n.

Proof. Let f(z,y) = y? + a1y + azy — (2® + a2z? + a4z + ag) and let v(Z) € A[[Z]] be the unique
power series such that v(Z) = f(Z,v(Z)). The existence of v(Z) is shown in [12|, Ch. IV, Prop.
1.1. and, moreover, it is also shown that v(Z) = Z3(1 + 3.7, AxZ%) € Zas, . . ., ag][[Z]]. When we
assign weights wt(a;) = ¢, then A,, is homogeneous of weight n.

Now define 2(Z) = Z/v(Z) and y(Z) = —1/v(Z). It follows that the coefficients of Z" in Z2x(Z),
Z3%(£L’(Z)), and Z3y(Z) are homogeneous of weight n. Since

7(2(2) > .

_ iz Z3 4 (x(2))
w(Z) = <2y(Z) ilrzalx(z) Tas V.

<223y(Z) + (a1 2)(Z2%2(2)) + a3Z3> dz,

it follows that wy,, the coefficient of Z™ in w(Z), must be homogeneous of degree n, as claimed. O
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Lemma 3.5. Let E/A be given by a model y> + a1xy + azy = 2> + asx? + ayx + ag, with a; € A,
with discriminant A(E) and j-invariant j(E), and let w(Z) = > wp,Z"™ be the normalized invariant
differential on E/A. Define the constants by, by, bg, bs, cq, and cg € A as usual, such that

y? = 23 — 27cqx — Hdeg

is an alternative model for E/A (which is also minimal as long as p # 2 or 3), and such that

3
IT8A(E) = c} - ¢ and j(E) = 3.
Then:
(1) With the grading wt(ax) = k, the constants boy,ca,ce € Zlay, az, a3, aq,as] have weights 2k,
4 and 6, respectively.
(2) We have w} = af = ¢4 mod 24, and w3 = (a? + az)? = ¢4 mod 3A.
(3) Letp >3 and let R = Z[X,Y] be a graded ring with wt(X) = 4 and wt(Y) = 6. Then, there
is a constant uw € A* and a homogeneous polynomial P,(X,Y) € R of degree p — 1 such that
wy—1 = uP~1Py(cy, c) mod pA.

Proof. Part (1) follows directly from inspection of the formulas that define bo, ..., bs, cq,cs (see for
instance [12], Ch. IIL.1, but notice that there is a typo in the formula for be: the correct formula is
by = CL% + 4a2).

Part (2) follows from the expression of w(Z) in terms of aq, ..., as:

w(Z) =1+ a1Z + (a3 + a2)Z? + (a3 + 2a1a9 + 2a3)Z3 + - - - )dZ
together with the fact that from the formulas one can easily check that ¢4 = b3 mod 6, by = a3 +4ay =
aj mod 2, and by = a? + az mod 3.

To show part (3), let us assume that p > 3. Thus, E£/A has a minimal model of the form y? =
23 — 27cqx — 54cg. Let E'/A be the formal group associated to this model, and let o'(Z) = 3w/, 2"
be its normalized invariant differential. By Lemma 3.4, w,_1 may be expressed as a homogeneous
polynomial in Z[a}, ag], where a) = —27¢4 and ag = —54cg. Hence, there is a polynomial P, € R =
Z]X,Y] such that w,_1 = P,(c4,cs). Now, if E//A is given by any other minimal model, Prop. 3.1
and Cor. 3.2 combined say that there exists some u € A* such that

=g =P 1 = p-1,/ =, p-1
wp—1 = sp =ul s, = uP T w,_ = uPT Py(cy, c) mod pA,

as claimed. O

Before we state the next result, we define quantities r(p) and s(p) for each prime p > 3, by

1, ifp=>5orl1lmodl12,
r(p) = o
0, ifp=1or7mod12,

and

1, if p =3 mod 4,
s(p) = o
0, if p=1mod4.

Equivalently, r(p) = % <1 — (73)) and s(p) = % (1 - (%)), where (5> is the Legendre symbol.
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Lemma 3.6. Let p > 3 be a prime, and let R = Z[X,Y] be a graded ring with wt(X) = 4 and
wt(Y) = 6. Suppose P(X,Y) € R is homogeneous of degree p — 1, and let A and j be two extra
variables such that 1728A = X® —Y? and A - j = X3. Then, there is some polynomial Q(T) € Z[T)
such that:

P(X,Y) = XTYs0 A% Q(j),

where « =1, 5, 7 or 11, and such that p = o mod 12.

Proof. Suppose that p > 3 is a prime with p = @ mod 12, with a = 1, 5, 7 or 11. Since P(X,Y) is
homogeneous of degree p — 1, we can write

PX,)Y) =) cp XY’

such that a,b > 0, 4a +6b = p — 1, and ¢, € Z. Since p = o mod 12, there is some integer ¢ > 0
such that p = a + 12¢. In particular, 4a + 6b = (o — 1) + 12¢, or 2a + 3b = ‘XTfl + 6t. Notice that
2r(p) + 3s(p) = 25+ It follows that a,b > 0, and we may write

P(X,)Y)= Z Cap XY = xr()ysp) Z Ca,bXafr(p)yb*S(p)

and 2(a — r(p)) + 3(b — s(p)) = 6t. We conclude that a — r(p) = 0 mod 3, and b — s(p) = 0 mod 2.
Let us write a — r(p) = 3f and b — s(p) = 2¢, so that

P(Xv Y) = XT(p)YS(p) Z 03f+r(p),2g+s(p) (Xg)f<Y2)g
where f,g >0 and f +g =1t = P> Put dy gy = c374r(p)2g+s(p)- Lhen:
P(X,Y) = XY@ 3 "d; (X% (v?)
= X"y 0N q, (X% (XP - 1728A) =
b X3\ 1 x3 — 1728\ =

= X"y WA= dy, (A) <A78>

— xT®)ys) AL Zdﬂgjf(j —1728)" = 7.
Hence, if we define a polynomial Q(T) =Y dy T/ (T — 1728)" ~/ € Z[TY), then

P(X.Y) = XY DA Q()),

as desired. O

Definition 3.7. Let p > 3 be a prime and let P,(X,Y) be the polynomial whose existence was shown
in Lemma 3.5. We define Qp(T') € Z[T] as the unique polynomial with integer coefficients such that

Py(X,Y) = X"y WA Q,(j),
where, as usual, 1728A = X3 — Y2 and A-j = X3, and o =1, 5, 7 or 11 such that p = o mod 12.
Remark 3.8. Let p > 3. The polynomial P,(c4,c6) of Lemma 3.5 can be explicitly calculated
(modpA) as follows. Let E/A be given by y? + aijzy + asy = 23 + asx? + aqx + ag, with a; € A, and
let w =dz/(2y + a1z + a3) be an invariant differential for E/A. Let H(E,w) be the Hasse invariant

(as in Remark 3.3). Then wy_1 = H(E,w) mod pA. The curve E/A is also given by a minimal
model E'/A : y? = 23 — 27cqx — 54cg and it is well known that the Hasse invariant H(E’,w’) of a
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curve given by y?> = f(z) is congruent to the coefficient of P! in f(z)®~1/2 modulo pA (see, for
instance, [12], Ch. V, Theorem 4.1(a)). Thus,

Bleva= 2, V' <p]§€1> <3k _kp—l) (27c)™ "7 (54g) > 2

p—1 p—1
e Skt

(—1)m+”< T ) (m N ”) (27¢4)™ (54¢6)" mod pA.

m

Il
(]

m,n>0
4m~+6n=p—1

For instance,
P5 == *5464, P7 == *16266, P11 == 291606466,
and
Pi3 = —39366003’1 + 437400% = A(FE)(—3499205(E) — 75582720).

Notice that these polynomials satisfy the conclusions of Lemma 3.6, with
Qs5(T) = =54, Q7(T) = —162, Q11(T) = 29160, Q13(T) = —3499207 — 75582720.

Theorem 3.9. Let E/L be an elliptic curve with potential good supersingular reduction at a prime
p above a prime p. Let K = Kg be the extension of Ly defined above, let A, e = vk (p), and e be as
before, and let e(gp, L) be the ramification index of p in L/Q. Let y*4a1zy-+asy = 23 +asx®+asx+ag
be a minimal model for E /A with good reduction, and let cq,ce € A be the usual quantities associated
to this model. Then:

(1) If p=2, and % < e, then

o) = vi(cr) _ ve(i(E)) _ e vy(i(E))

4 12 12e(p, L)

(2) If p=3, and % < e, then
vi(ca) _ vk(J(E)) _ e vp(j(E))

61: =

6 ~ 6e(p, L)
(3) If p> 3, and A = r(p)vi (ca) + s(p)vk (ce) + vk (Qp(j(E))) < e, then
€1 = A
= () YD | W UEV 2N L @utie)
i (0 s I e ).

Otherwise, e; > e.

Proof. Let E /A be the formal group associated to E and let [p](Z) = Y 2, s;Z" be the multiplication-
by-p map on E. By definition, e = vk (p) and e; = vk (sp). Moreover, by Proposition 3.1, we know
that if vi(wy—1) < e, then e = vg(wy—1) where w(Z) = (1 + Y 52, w;Z%)dZ is the normalized
invariant differential for E’, and e; > e otherwise. Let us assume that vg(w,—1) < e. Now we can
use Lemma 3.5:
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(1) If p = 2, then w} = ¢4 mod 2A. Since we are assuming that vk (2) = e > v (w;), we must
have 4vg (w1) = v (w}) = vi(cs), and it follows that e; = v (cq)/4.

(2) Similarly, if p = 3, then w3 = ¢4 mod 3A. Hence, e1 = v (c4)/2.

(3) Suppose p > 3. Then, there is a constant u € A* and a homogeneous polynomial P,(X,Y) €
R of degree p—1 (where wt(X) = 4 and wt(Y') = 6) such that w,_1 = uP~1Py(cy, cg) mod pA.
Let a =1,5,7, or 11, such that p = @ mod 12. Then, by Lemma 3.6, there is a polynomial
Qp(T) € Z[T] such that

Wp—1 = upflcz(p)cz(p)A(E)%Qp(j(E)) mod pA.

Since E/L has potential good reduction, the j-invariant j(F) is integral at o (see [12], Ch.
VII, Prop. 5.5), thus via our fixed embedding ¢, we have j(E) € A. Since j(E) € AN Ly,
and Qp(T) € Z[TY, it follows that Q,(j(F)) € AN L,. Therefore, vig(Qp(j(F)) is a non-
negative multiple of e/e(gp, L). Define A as in the statement of the theorem, so that \ equals
VK(upfch(p)cg(p)A(E)%Qp(j(E))). Thus, if A < e, it follows that vg(w,—1) = A and
Proposition 3.1 implies that e; = A, as desired.

d

When p = 1 mod 12, the quantities r(p) and s(p) vanish simultaneously and we obtain the follow-
ing simpler formula.

Corollary 3.10. Let E/L be an elliptic curve with potential good supersingular reduction at a prime
© above a prime p = 1 mod 12. Let Kg, A,e and ey be as before, and let e(p, L) be the ramification
indezx of p in L/Q. Let Q,(T) € Z[T] be as in Definition 3.7, and define an integer A by

e
A=vr(Q,(j(F))) = ——— - vu(Qp(§(F))).
K (Qp(i(E))) o) 0 (Qp(i(E)))
If X < e, then e = X > 1. Otherwise, if A\ > e, then ey > e. In particular, if e(p,L) = 1 or
Vo(Qp(J(E))) =0, then e; > e.

The value of e/e(p, L), and therefore the value of e, can be obtained directly from a model of E/L,
thanks to the classification of Néron models. As a reference for the following theorem, the reader
can consult [8], p. 124-125, or [10], §5.6, p. 312, where Gal(Kg/L{’) is denoted by ®,, and therefore
e/e(p, L) = Card(®,). Notice, however, that the section we cite of [10] restricts its attention to the
case L = Q.

Theorem 3.11. Let p > 3, let E/L be an elliptic curve with potential good reduction, and let Ap,
be the discriminant of any model of E defined over L. Let Kg be the smallest extension of L{" such
that E/Kg has good reduction. Then e/e(p, L) = [Kg : L] =1,2,3,4, or 6. Moreover:

e/e(p, L) =2 if and only if v,(Ar) = 6 mod 12,

e/e(p, L) =3 if and only if v,(Ar) =4 or 8 mod 12,

e/e(p, L) =4 if and only if v,(Ar) =3 or 9 mod 12,

e/e(p, L) =6 if and only if v,(Ar) =2 or 10 mod 12.

Therefore, our formula for e; only depends on the p-adic valuation of j(E), j(E)— 1728, and Ay.

Corollary 3.12. Let p > 3 be a prime and let E/L be an elliptic curve with potential supersingular
good reduction at a prime o above p. Let e(p, L) be the ramification index of @ in L/Q. Let j(E) € L
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be its j-invariant, let Ay be the discriminant of a model for E over L, and define an integer A as
follows:

o Ifv,(Ar) =6 mod 12, then e/e(p, L) = 2. Let

A= ;T(p)Vp(j(E)) + s(P)vp(3(E) = 1728) + 2v,(Qp(§ (E))),
o Ifv,(Ar) =4 or 8 mod 12, then e/e(p, L) = 3. Let

A=rp)ve(i(E)) + %S(p)Vp(j(E) = 1728) + 31, (Qp (7 (E))),
o Ifv,(ArL) =3 or9mod 12, then e/e(p, L) = 4. Let

A= gr(p)Vp(j(E)) +25(p)rp((E) — 1728) + vy (Qp(§ (E))),
o Ifv,(Ar) =2 or 10 mod 12, then e/e(p, L) = 6. Let

A =2r(p)vp(§(E)) 4 3s(p)rp(i(E) — 1728) + 61, (Qp (1 (E))).
If A < e, then eg = A. Otherwise, if A > e, then e1 > e.

4. MORE EXAMPLES
In this section we provide a few examples of usage of the formula for e; developed in Theorem 3.9.

Example 4.1. Let us return to the curve F/Q with label “121¢2”. In Example 2.1 we showed a

minimal model over Q! (v/11) and we proved that e; = 1. We can verify the value e; = 1 using the
formula of Theorem 3.9. Here p = 11, so r(11) = s(11) = 1, and L = Q, so e(p, L) = 1. Moreover,
for the chosen minimal model we have quantities

¢y =131V11, and cg = —4973.
Moreover, we saw in Remark 3.8 that Q11(T) = 29160 = 23 - 36 . 5. Thus,
A = v (cq) + vie(es) + v (Qp(5)) = vie(131V/11) 4 v (—4973) 4+ vk (29160) =1 +0+0 = 1.

Since A < e = 3, we conclude that e; = A = 1. We may also verify this value using the formula in
Corollary 3.12. The discriminant of the model for E/Q given in Example 2.1 is Ag = —118, we have
§(E) = —11-1313 and j(E) — 1728 = —49732. Hence:

A=) G(E) + o s(pwp(i(E) — 1728) 4 Bup(Qpi(E) = 11+ 5 1-043-0=1

and so, e = A = 1.
Example 4.2. Let E’/Q be the curve with label “121al”, given by a Weierstrass equation
v 4y +y =2 + 2% — 30z — 76.

The j-invariant of E is j(E') = —11-1313, equal to j(E), where E is “121¢2” as in Examples 2.1 and
4.1. Thus, E' is a quadratic twist of E. Indeed, E’ is the quadratic twist of E by —11. In particular,
E and E’ are isomorphic over Q(v/—11). Since Kg = Q% (v/11), it follows that

Ky = Q¥ (VIL, v=1I) = QI (V=10).
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Thus, e = e(E’) = 6, while e = ¢(F) = 3, and vg, (k) = 2v (k) for any x € Kg C Kgr. Moreover,
since K C K, the minimal model for F over Kg,

Y2 + V1lay = 2° + V11222 + 3711z + 2,
is also a minimal model for E’ over Kg/. It follows that
)‘(E/) - VKE/(64)+VKE/(CG)+VKE/(Qll(j)) - 21/KE(C4)+2VKE(CG)+2VKE(Q11(j)) =2-140+0 =2,

where we have used the fact that ¢4, cs € Kg. Since A(E') < e(E’") = 6, we conclude that ey (E') = 2.

Alternatively, we can verify e;(E’) = 2 using the formula of Cor. 3.12. The discriminant of the
rational model for E’/Q listed above is Ag = —112. Moreover, j(E') = —11-1313, and j(E')—1728 =
—49732. Hence:

A =2r(p)vy(§) + 3s(P)p(j — 1728) + 61p(Qp(5) =2-1-14+3-1-04+6-0 = 2.
Hence, e = A = 2.

Example 4.3. In Example 2.2 we looked at the elliptic curve E/Q with label “27a4”, for p = 3,
and concluded that e; = 2. The constant ¢4 (which we will not write explicitly here due again to its
unwiedly form in terms of ) for the minimal model we used to compute e; has valuation vi (cq) = 4,
in agreement with the formula e; = vx(cq)/2 given by Theorem 3.9. Alternatively, and much easier
to compute,

e-v3(j(B)) _ 12-v3(=2"-3-5%)

6 B 6
Since 2 = A < e = 12, we conclude that e; = A = 2.

A: :2.

Example 4.4. Let L = Q(v/13), put p = 13 and p = (v/13), and let E/L be the elliptic curve with
J-invariant jo as described in Example 2.3. There we found that K = Lg'. Thus, e = e(p,L) =2,
and we calculated directly that e; = 1. Since p = 1 mod 12, we may use Corollary 3.10 to verify that
indeed e; = 1. Here e(p, L) = 2, and we know from Remark 3.8 that Q13(7") = —3499207" —75582720.
One can verify (using Sage or Magma) that

Vo(Q13(jo)) = vp(—349920j0 — 75582720) = 1.
Thus,

A =vr(Qu3(j(E)) = vp(Qu3(jo)) = vp(Q13(jo)) = 1.

_°
e(p, L)
Since 1 = A < 2 = e, it follows from Cor. 3.10 that e; = A = 1, as desired.

Example 4.5. In this example (see Table 1) we provide the values of e and ey, calculated using our
formula, and verified using the multiplication-by-p map on the formal group, for all those elliptic
curves with potential supersingular reduction that appear as rational points on modular curves Xy (p)
of genus > 0 (if the curve Xy(p) has genus 0, then p =2, 3, 5, 7, or 13, and there are infinitely many
rational points given by a 1-parameter family, see [6]). These points are well-known, but seem to be
spread out accross the literature. Our main references are 1], pp. 78-80, [7], and [3].
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Table 1: j-invariants with potential supersingular reduction in Xy (p)

j-invariant D Cremona Label(s) Good reduction over e ep
j=-219.3.53 3 27A2, 27A4 Q(v/3,5% — 1208 +506 =0) 12 2
j=—11-1313 121C2 Q(V/11) 3 1
j=—21 11 121B1, 121B2 Q(V11) 4 2
j=—112 121C1 Q(v/11) 3 2
j=—17%-1013/2 17 14450P1 Q(V/17) 3 2
j=—17-3733/217 14450P2 Q(V/17) 3 1
j=-—215.33 19 361A1, 361A2 Q(v19) 4 2
j=-—218.3%.53 43 1849A1, 1849A2 Q(v/43) 4 2
j=-219.33.5%.113 67  4489A1, 4489A2 Q(v67) 4 2
j=-—21¥.33.5%.23%.29% 163 26569A1, 26569A2 Q(v163) 4 2

The reader may notice that in Table 1 the difference e — e1, and the value e, are always 1 or 2, for
all p > 3. In addition, in Example 4.2 we have seen an example of a curve with e —e; =6 — 2 = 4.
A priori, we know that e = 1,2,3,4 or 6 for elliptic curves over Q (see [10], §5.6, p. 312), so if we
assume e < e, then e; and e — e; may take the values 1,2, 3,4, or 5. In fact, we will show next that
the difference e — e; and e; may only take the values 1, 2, or 4, when L = Q and more generally
whenever e(p, L) = 1.

Corollary 4.6. Let E/L be an elliptic curve with potential supersingular reduction at a prime o
lying above a prime p > 3, and let e and e; be defined as in Section 1. Assume that e; < e, and also
assume that e(p, L) = 1. Then e; and e — ey can only take the values 1, 2, or 4. Moreover, j(E) =0
or 1728 mod p, and

(1) If j(F) = 0mod g, then e =3 or 6, and e; = ek/3, where k = v,(j(E)) =1 or 2;

(2) If j(E) = 1728 mod p, then e =2 or 4, and e; = ¢/2.

Proof. Let p > 3 be a prime, assume that e; < e, let Kg be the extension of degree e of L{Y
defined above, and fix a minimal model of ¥ over Kg with good supersingular reduction. Let A
be its discriminant, and let ¢4 and cg be the usual quantities. Let A = r(p)vi(cs) + s(p)vi(cs) +
vk (Qp(3(F))) as in Theorem 3.9. If X > e then e; > e, but we have assumed that e; < e, and hence
e1 = A. Notice that we have assumed e(p, L) = 1. In this case, v (Qp(j(£))) = e - vo(Qp(i(E))) is
a multiple of e. Since e; = A < e, it follows that vx(Qp,(j(F))) = 0, and under our assumptions

(1) er =r(p)vi(ca) + s(p)vi (o).

Since vi (A) = 0 and p # 2,3, the equality 1728A = ¢} — 2 implies that vk (c4) and v (cg) cannot
be simultaneously positive. If both were zero, then our formula in Eq. (1) would say 1 < e; =0, a
contradiction, so one of the valuations must be positive and the other one must vanish.

If vi(cs) > 0 and v (cg) = 0, then v (j(E)) = vi(ci/A) = 3vk(cs) > 0. Since j(E) € L, it
follows that j(F) = 0 mod p. In particular, v (j) is a multiple of e/e(p, L) = e, say vk (j) = ek,
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for some k > 1. Theorem 3.9 says that e; = r(p)vi(cs) + s(p)vi(cs) = r(p)vi (cs). Thus, we must
have 7(p) = 1 (in particular, p = 5 mod 6 in this case) and e; = vi(c4), otherwise 0 = e; > 1, a
contradiction. Hence,

vr(j) _ ek

61 = ]jK(C4) = 3 = 3

Since e; < e by assumption, it follows that 1 < k < 3. In addition, e; is a positive integer, so
ek = 0 mod 3, hence e = 0 mod 3. Finally, e =1,2,3,4, or 6, so e = 3 or 6 in this case, and e; =1,
2, or 4, as claimed.

If instead we have vi(cs) = 0 and vi(cg) > 0, we have e; = vi(cg) (we must have p = 3 mod 4
in this case). The equality ¢z = A - (j(E) — 1728) implies that
vi(j — 1728)

2
It follows that j = 1728 mod p and v (j — 1728) = eh for some h > 1. Since e; < e, we have h < 2
so h = 1, and since e; is an integer, we have e = 0 mod 2. Thus, e = 2, 4, or 6, and therefore, e; = 1,
2, or 3. However, we shall show next that j = 1728 mod p and e = 6 is not possible. Thus, e; =1,
or 2, and the proof of the corollary would be finished.

Indeed, suppose j = 1728 mod p and e = 6. Let Ar, c4 1 and cg 1, be the discriminant and the
usual constants associated to the original model of E over L. By the work of Néron on minimal models
(Theorem 3.11), the degree e = 6 if and only if v,(Az) = 2 or 10 mod 12. Since Ay - j(E) = (c4,1)3,
and j = 1728 mod p, with p > 3, it follows that

Vp(Ar) = 3vp(ca,r)

and therefore v,(Ar) = 0 mod 3, and we cannot have v,(Ar) = 2 or 10 mod 12. This is a con-
tradiction, and therefore e = 6 and j = 1728 mod g are incompatible. This ends the proof of the
corollary. O

el = VK(CG) = > 0.

Corollary 4.7. Under the notation and assumptions of Corollary 4.6, if p > 3 and e; < e, then
e1 < 23—6 In particular, pe/(p+1) > e;.

Proof. Let p > 5 and e; < e. It follows from Corollary 4.6 that, in all cases, we have e; = ¢/3, or
e1 =2¢e/3 or ey = ¢/2. Thus, e; < 2¢/3. In particular,

as claimed. 0

5. TORSION POINTS

Lemma 5.1 (Serre). Let E/L be an elliptic curve with potential good supersingular reduction at a
prime @ above p. Let K = Kp be the smallest extension of L such that E/K has good (supersin-
gular) reduction at o, and let e = vi(p) be its ramification index. Let A, e; = v(sp) and 7 be as
above, so that [p|(Z) = pf(Z) + w9 g(ZP) + h(ZP"), where f(Z), g(Z) and h(Z) are power series in
Z - Al|Z]], with f'(0) = ¢'(0) = h'(0) € A*. Then:

(1) If pe/(p+1) < ey, then [p](Z) = 0 has p* — 1 roots of valuation e

(2) Ifpe/(p+1) > e1, then [p](Z) =0 has p — 1 roots with valuation <= and p? — p roots with
el

valuation ——.
p(p—1)
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Proof. This is shown in [10], §1.10 (pp. 271-272). Notice that if pe/(p + 1) < ej, then the Newton
polygon for [p|(Z) has only one segment and if pe/(p 4+ 1) > e, then the polygon has two segments
(see Remark 2.4). O

Theorem 5.2. Let E/L be an elliptic curve with potential good supersingular reduction at a prime
© above a prime p > 3, and let e and ey be defined as above. Let P € E[p] be a non-trivial p-torsion
point. Then:

(1) Ifer > pe/(p+1), then the ramification index of any prime over ¢ in the extension L(P)/L
is divisible by (p* — 1)/ ged(p? — 1,€).
(2) Ife1 <pe/(p+1),
e there are (p? — p) points P in E[p] such that the ramification index of a prime above p
in L(P)/L is divisible by (p — 1)p/(ged(p(p — 1), e1)).
e and there are (p — 1) points P in E[p] such that the ramification index of any prime
above @ in L(P)/L is divisible by (p —1)/(ged(p — 1,e — e1)).
In particular, if e(p, L) = 1 and e1 < e, then ey < pe/(p+1) and the ramification index of any prime
over p in L(P)/L is divisible by (p — 1)/(ged(p — 1,4)).

Proof. Let E/L be an elliptic curve with potential supersingular reduction at p above p > 3, and let
P € E(L)[p] be a point of exact order p. Let ¢ : L < L, be a fixed embedding. Let F' = L(P) and let
‘B be the prime of F' above p associated to the embedding ¢. Let K be the smallest extension of L}
such that F/K has good (supersingular) reduction at p. Choose a model E'/K with good reduction
and isomorphic to E over K, and let 7' € E'(K)[p] be the point that corresponds to ¢(P) on E(Ly,).
Suppose that the degree of the extension K (7)/K is g. Since K/L{' is of degree e/e(gp, L), it follows
that the degree of K(T')/Lg is eg/e(p, L).

Let F = «(F) C Ly, Since E and E’ are isomorphic over K, it follows that K(T) = KF and,
therefore, the degree of the extension KJF/L{ is eg/e(p,L). Since K/L{ is Galois (see Section
1), it follows that g = [K(T) : K] = [FLY : K N FL{], so the degree of [FLY : L{T] equals g - k
where k = [K N FLY : L{]. Hence, the degree of F /L, is divisible by gk and, in particular, the
ramification index of the prime ideal 8 over p in the extension L(P)/L is divisible by gk, where
g =|[K(T) : K]. Thus, we just need to show that [K(T') : K] satisfies the divisibility properties that
are claimed in the statement of the theorem.

Let T € E'[p] be an arbitrary point on E’'(K) of exact order p, and write ¢ for the corresponding
torsion point in the formal group, i.e., t = —z(T)/y(T) € E'(M,).

(1) Let us first assume that e; > pe/(p + 1). By Lemma 5.1, the valuation of ¢ € E'[p] is
e/(p?> —1). Hence, the ramification index in the extension K(T)/K is divisible by the
quantity (p? — 1)/ ged(p? — 1,¢), as claimed.

(2) Now let us suppose that e; < pe/(p+ 1). By Lemma 5.1, there are p — 1 points in E’[p]
with valuation (e —e1)/(p — 1) and p? — p points with valuation e;/(p(p — 1)), respectively.
Thus, the ramification index of K(7T')/K is divisible by (p —1)/ged(p — 1,e — e1) or p(p —
1)/ ged(p(p — 1), e1), respectively.

Finally, suppose that e(p, L) = 1 and e; < e. Then, Corollary 4.7 shows that pe/(p+1) >
e1. Moreover, we showed in Corollary 4.6 that, when p > 3 and e; < e, the numbers e; and
e—ej can only take the values 1, 2, or 4. Thus, the ramification index in K(T")/K is divisible
by at least (p — 1)/ ged(p — 1,4), as claimed.

This concludes the proof of the theorem. O
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Example 5.3. Let E/Q be the elliptic curve with Cremona label “121¢2” which we already studied
in Examples 2.1 and 4.1, and we calculated e = 3 and e; = 1. Hence, if P is any non-trivial 11-torsion
point on E(Q), then the ramification of any prime above p = 11 in the extension Q(P)/Q must be
divisible by, at least, (p — 1)/ ged(p — 1,4) = 10/2 = 5. Let us show that there is a 11-torsion point
where the ramification index is exactly 5.

Indeed, let F = Q(¢), where ¢ = (31 is a primitive 11th root of unity. Then, E(F)ios = Z/117Z
and there is a point P € E(F') of order 11 with coordinates

z(P) = 11¢% + 11¢% + 22¢7 4 22¢° + 22¢° + 22¢* + 11¢3 + 11¢2 + 39,
y(P) = 44¢° — 55¢% — 66¢7 — 99¢5 — 99¢° — 66¢* — 55¢3 + 44¢2 + 85.

Notice, however, that x(P) and y(P) are stable under complex conjugation. Hence, P € E(Q(¢)™),

S
and in fact Q(P) = Q(z(P),y(P)) = Q({)* = Q(¢ + ¢~1). Thus, Q(P)/Q is totally ramified at 11
and the ramification index is 5.

Corollary 3.10 implies that if p = 1 mod 12, and e(p, L) = 1, then e; > e. When we combine this
with Theorem 5.2 we obtain:

Corollary 5.4. Let E/L be an elliptic curve with potential good supersingular reduction at a prime
o above a rational prime p =1 mod 12, let e be as above, and suppose e(p, L) = 1. Let P € E[p] be
a non-trivial p-torsion point. Then the ramification index of any prime over ¢ in L(P)/L is divisible

by (p* — 1)/ ged(p® — 1, ¢).

However, the conclusion of the previous corollary is not valid when e(p, L) > 1.

Example 5.5. Let L = Q(v/13), and let E/L be the elliptic curve with j-invariant jy as described
in Example 2.3 and 4.4. There is a point P € E(L) such that L(P) is given by L(a), where a is a
root of a polynomial ¢(x) € L[z] = Q(jo)[x],
12 3496058939 — 2813426633070000005610 n

478224
of degree 12, and such that L(P)/L is totally ramified above p. Recall that we have calculated e = 2
and e; = 1 for this curve, so the ramification in this extension agrees with the conclusion of Theorem

5.2 which predicts the existance of 12 points in E[p| such that the ramification index of any prime
above g in L(P)/L is divisible by 12/(ged(12,e — e1)) = 12/(ged (12,2 — 1)) = 12.

q(r) =
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